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ABSTRACT 
This thesis concentrates on linear elastic problems 
associated with box girder bridges of deformable cross- 
section. Existing methods available for the analysis of 
such girders have been reviewed. An equivalent beam 
method has been developed, based on the stiffness approach, 
to analyse single cell box beams with at least one vertical 
axis of symmetry. The method can account for complex 
structural geometry, loading and restraints. By employing 
the appropriate box beams, the theory is capable of 
predicting accurately the behaviour of both straight and 
curved structures without recourse to a large number of 
elements. 
As an introduction, the structural characteristics 
peculiar to thin-walled beams are first described. The 
fundamental equations governing the torsional and 
distortional behaviour of straight and curved members are 
then expressed in terms of the applied loading and the 
boundary conditions. This yields an equation for total 
strain energy for deformable members in terms of the 
appropriate stress resultants and section properties which 
is then used as a basis for obtaining the stiffness matrix 
of the structure. 
The performance and accuracy of the equivalent beam 
method has been shown to compare favourably with the 
results from two model box beams. The models, one 
straight and the other curved in plan, were representative 
of single cell concrete box girder bridges found in 
practice and were constructed from a mixture of Sand and 
Araldite resin. The degree of correlation obtained 
between the results for all the different cases of geometry 
and loading validates the method proposed in this thesis. - 
Since the amount of computation is relatively small, the 
method can be used during the preliminary analysis and 
conceptual design stage. 
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1.1 General Remarks 
Box girders have evolved into a highly efficient and 
aesthetically pleasing solution for medium and long span bridges. 
Different arrangements of these bridges are possible in bridge 
construction and a logical classification system is proposed by Lee 
[28], Fig. 1. The transition between the spine beam type of bridge 
and the cellular slab is not very clearly defined. However, Swann 
[49] has specified that, in general, where the total number of cells is 
less than five, beam action is predominant and the bridge should be 
classified as a spine-beam. 
The main source of strength is provided by the spines in single 
box or multi-cellular bridges. The box section of the spine 
contributes considerably to the torsional stiffness of the bridge which 
ensures good transverse distribution of eccentric forces and a 
favourable pattern of stresses. This results in the efficient use of 
the cross-section often permitting a reduction in the depth of 
construction and savings in materials. As span length increases into 
the range where dead load dominates, saving in self-weight will become 
more important. 
One type of bridge configuration which merits particular 
attention is the curved bridge. These are an essential feature of 
highway interchanges and urban expressways. The use of box girders 
with their high torsional stiffness is best suited for these 
applications where significant levels of torsion are likely to be 
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Structural design of box-girder bridges presents many 
difficulties because of the complex interaction of the individual 
structural effects. There is a wide range of analytical methods 
available but many have severe limitations as to the structural forms 
that may be considered. A 3-D finite element method can offer the 
most comprehensive treatment, but the computational costs involved are 
high and are rarely justifiable in the preliminary analysis and 
conceptual design stage. Therefore, it is desirable to develop a 
simplified method of analysis of box girder bridges which is both 
accurate and economic. This thesis concentrates on the linear elastic 
problems associated with both straight and curved box girder bridges 
with special attention being given to the problem of distortion of the 
cross-section. A method has been developed, based on the flexibility 
and stiffness approaches, which includes the actions of bending, shear, 
mixed torsion and distortion of the cross-section. 
1.2 Structural Actions Associated with Thin-Walled Beams 
In developing a simplified design method, it is necessary to 
know that it provides an adequate representation of the structural 
behaviour. Thus, it is important to understand the types of 
structural actions possible in thin-walled beams before developing the 
corresponding formulation. 
In general, any system of eccentric point load applied over the 
web can be divided into its component parts. For the case of box- 
girders with deformable cross-sections, these components consist of 
bending, torsion and distortion, Fig. 1.2. In addition to these 
actions, there are some further structural characteristics which are 
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Figure 1.3 Cross-sectional Deformations in a Typical Single Cell 
Box Girder 
5 
IIi%I --I L------. y. 
ý, ) Iý 
(a) Bending 
.. ýý- - jj_ r- 
/ 
ýý L---------ýý 
,. I, Lý 
(b) Bending With Shear Lag Effects 
I" ý. , ý -% J1- ý- 
` -ý_ 
. - ý-- 
/ 
/ 
(c) Warping Torsion 
-t / .. -% , 4' 
_--'1 _-- ý'- ý 










Figure 1.4 Distribution of Longitudinal Direct Stress in a Typical 
Single Cell Box Girder 
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The bending analysis of thin-walled beams is essentially the 
same as for solid and thick-walled sections. The resulting 
'deformation and cross-sectional distribution of longitudinal stresses 
due to pure bending, as calculated by simple beam theory, are shown in 
Figs. 1.3(a) and 1.4(a). Whilst the errors introduced by neglecting 
shear deformation in simple beam theory are generally acceptable for 
solid and thick walled sections, this may not be the case for thin- 
walled sections. In-plane shear deformation of the flange may have a 
considerable influence on the distribution of the longitudinal stresses 
within the flanges. This action, often termed shear lag, results in 
the longitudinal stresses at the flange-web intersections being greater 
than those predicted by the elementary theory of bending, as shown in 
Fig. 1.4(b). This behaviour may result in a significant under- 
estimation of the maximum direct stress at the top and bottom of the 
web. 
1.2.2 Torsion 
Consider a box beam with a cross-section infinitely rigid in 
its own plane but flexible in the direction of the member axis. As a 
result of torsional loading in these members, large out-of-plane 
warping displacements may occur, as shown in Fig. 1.5. In general, 
torsional warping- displacements are larger for thin-walled sections 
than for other sections with similar overall dimensions. For certain 
sections, where the product of the wall thickness at any point and the 
perpendicular from the centre of rotation (shear centre) to the tangent 
at that point is constant at every point on the section, torsional 
warping displacement does not take place. One example of such 
sections, which are described as 'warpless' sections, is the square box 
with constant wall thickness. 
7 
Under pure torsion, the cross-sectional distribution of 
torsional warping displacements is identical at all positions along the 
beam, as shown in Fig. 1.5(a). In the case of closed sections, the 
rigid-body rotation of each wall element is accompanied with a degree 
of shear deformation to ensure continuity of axial displacements around 
the closed perimeter. As aresult, ' a system of circulatory shear 
stresses is created to resist the applied torque in accordance with St. 
Venant's theory, in exactly the same way as for solid and thick-walled 
sections. 
T Oo- 
(a) Pure Torsion 
(b) Restrained Torsion 
Figure 1.5 Torsional Warping Displacements 
8 
If, however, the torsional warping displacements are in any way 
restrained, for instance by a built-in end or heavy transverse 
diaphragm, as illustrated in Fig. 1.5(b), the individual wall elements 
will be subjected to bending about their own major axis. This results 
in a system of direct stresses, called longitudinal torsional warping 
stresses, Fig. 1.4(c), which is in equilibrium and has no resultant 
component of direct force or bending moment. A complementary system 
of torsional warping shear stress is also created which acts in 
conjunction with the St. Venant shear stresses to resist the applied 
torsional moment. . 
1.2.3 Distortion 
The cross-section of a box girder may distort, under torsional 
loading, except where there are diaphragms or cross-bracing. The 
magnitude of this distortion depends upon the transverse flexibility of 
the walls of the section. 
Apart from the flexural deformation shown in Fig. 1.3(c), 
longitudinal deformations, known as distortional warping displacements, 
are induced. Since these warping displacements are not constant 
between points of restraint, additional direct and shear stresses are 
developed. The distortional direct stresses are self-equilibrating 
and do not influence the other stress resultants, Fig. 1.4(d). The 
complementary distortional shear stresses are also self-equilibrating 
and have no internal resistance to the applied torsional moment. 
However, they do combine with those shear stresses due to both St. 
Venant and warping torsion. 
Also, as a direct result of the cross-sectional distortion 
shown in Fig. 1.3(c), transverse bending moments are produced by frame 
action of the box. These result in transverse distortional bending 
stresses, as shown in Fig. 1.6. 
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Figure 1.6 Transverse Distortional Bending Stress 
1.2.4 Local Effects in the Slabs 
Local effects in the slabs are induced by the application of 
external loading to the flanges at points between the webs or on the 
side cantilevers. Provided that the stresses from local bending are 
accounted for in the final analysis, loads applied to the deck may be 
replaced by a system of equivalent forces at the intersection of deck 
and web. 
1.2.5 Poisson's Ratio Effect 
Poisson's ratio effects are significant when the transverse 
bending stresses due to distortion of the cross-section are-of the same 
order as the axial stresses associated with longitudinal bending, 
torsional and distortional warping. In such cases, the Poisson's 
ratio effect in transverse bending can generate longitudinal stresses 
which are significant in comparison with the longitudinal bending, 
torsional and distortional warping stresses [35]. 
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1.3 Objectives of this Work 
The structural actions in box girders subjected to eccentric 
loading have been discussed in Section 1.2. The use of numerical 
techniques, such as the finite element method, has made possible the 
accurate assessment of such effects. However, such an analysis is 
generally expensive and may be used indiscriminately without a physical 
understanding of the structural sections. In such cases, the analyst 
may not recognise the significant structural actions in the mass of 
computer output. A need therefore exists for a simple elastic 
analysis of thin-walled box girders but with the generality necessary 
to cope with the complex geometry of modern elevated highways whilst 
retaining a degree of accuracy sufficient for design. 
1.3.1 Structural Actions Considered 
The basic requirement in the analysis of thin-walled sections, 
in common with that for thick-walled or, solid sections, is the 
determination of the longitudinal distribution of direct and shear 
stresses. Therefore, although the additional stresses due to local 
effects may be important in some instances, their effect may generally 
be assessed separately and superimposed on the final solution. 
The stresses obtained from simple beam theory and St. Venant 
theory for pure torsion-are statically equivalent to the applied load 
system. However, in the case of thin-walled beams, additional direct 
and shear stresses may also be created due to the other, basic 
structural actions, namely, warping torsion, distortion and shear lag. 
Shear lag is basically regarded as a problem associated with 
bending in the absence of torsion, although it may also occur at 
sections where significant direct stresses are formed due to torsional 
warping restraint [35]. Since it is caused by shear deformation in 
the flanges, it is particularly important in very thin-walled members 
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(e. g. steel bridges) or in girders with wide flanges. In the case of 
longitudinally prestressed box girders, shear lag can often be 
neglected since the shear lag effects due to longitudinal prestress are 
in the opposite sense to those due to live and, dead load. For these 
reasons, shear lag has been neglected in this study although its 
effects may be superimposed, if necessary, in the same way as those due 
to local effects. 
The present tendency in design to use smaller wall thicknesses 
in concrete box beams increases the effects of warping torsion and 
distortion of the cross-section. Under torsional loading, the shape 
of the cross-section may distort by transverse bending of the walls 
arising from the absence of closely spaced diaphragms or cross-bracing. 
This is the normal situation since the number of diaphragms are kept to 
the absolute minimum since they induce some additional dead load and 
cause disruption and delay in, the casting cycle. It is generally 
considered to be important, for this last reason alone, to avoid any 
unnecessary intermediate diaphragms between points of support. 
While the causes of warping torsion and distortion are very 
different, both actions result in longitudinal warping displacements 
which, when restrained, may induce systems of self-equilibrating 
stresses. These stresses can be significant when compared to 
longitudinal bending stresses and, hence, must be taken into account 
when analysing thin-walled beams. Both of these warping effects have 
therefore been considered in this study, the full analytical 
expressions being given in Chapters 3 and 4. 
1.3.2 Elastic Structural Analysis 
The various methods available for the elastic analysis of box 
girder bridges are presented in Chapter 2 and will not be discussed in 
detail here. Nevertheless, it must be recognised that, for thin- 
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walled structures, often displaying high curvature in plan, variations 
in cross-section and subjected to complex systems of loading and 
restraint, the most useful methods of analysis are those for which the 
members can be idealised into a series of discrete structural elements. 
Both the flexibility and stiffness methods which adopt such an 
approach, are suitable for obtaining a solution to this problem. In 
both methods, the first step is to establish the necessary 
load/displacement relationships. 
Waldron [52] has considered the actions of bending, shear and 
mixed torsion and established the appropriate flexibility and stiffness 
matrices for the analysis of both straight and curved thin-walled 
structures. This work is extended here to account for the 
distortional effects in single cell box girders. 
Whilst the distribution of total torque and bending moment may 
be simply obtained from a consideration of statics, the effects of 
torsional warping restraint and distortional warping restraint are 
indeterminate and can only be evaluated by taking account of the 
general state of deformation in the member. To this end, the 
structural mechanics associated with thin-walled members are first 
developed in Chapters 3 and 4 from which the fundamental differential 
equations governing torsional and distortional deformations along the 
beam are derived. The solution of these equations then yields the 
longitudinal distribtution of all the necessary stress resultants in 
terms of the section properties and applied loads only, for any system 
of end restraint. 
In Chapter 5, the equation of total strain energy has been 
derived in terms of the appropriate stress resultants and section 
properties only. By introducing the necessary quantities into this 
equation, and by integrating along the length of the beam element built 
in at one end, the flexiblity matrix with the necessary six degrees of 
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freedom has been established for both straight and curved members. 
Basically, this is the main requirement for obtaining a solution by the 
flexibility method and, with a different matrix formulation, for the 
more general stiffness approach. 
1.4 Sign Convention 
It is necessary, at this stage, to define the sign convention 
and system of co-ordinate axes, in both a logical and unambiguous way. 
1.4.1 Co-ordinate System 
It is more convenient to use a different system of co-ordinates 
for the analysis of straight and curved members. For straight beams, 
a right-handed system of co-ordinates has been adopted, as shown in 
Fig. 1.7. The x and y axes correspond to the horizontal and vertical 
axes of the section, and the z axis to the longitudinal direction of 
the beam. The positive face of a section is defined as that for which 
the external normal is in the positive direction of the z-axis. The 
positive face is usually considered when the selected section is within 
the span, and the negative face for the support section. 
With regard to curved beams, a cylindrical co-ordinate system 
a) is used, Fig. 1.8, with its origin at the centre of curvature. 
Clearly, the direction of member curvature is important and is defined 
here as positive when a is increasing in a clockwise sense when viewed 
vertically downwards, Fig. 1.9(a) and as negative when a is increasing 
in an anti-clockwise sense, Fig. 1.9(b). 
The effect of negative curvature is to change some of the signs 
of the expressions derived in the following chapters. When this 
occurs, the sign corresponding to negative curvature has been shown 
directly above that for positive curvature. 
In developing the basic thin-walled beam theory, a curvilinear 
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Figure 1.7 Sign Convention for Straight Members 
Figure 1.8 Sign Convention for Curved Members 
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(a) Positive Curvature (b) Negative Curvature 
. 
Figure 1.9 Direction of Curvature 
co-ordinate system (a , s) has also been employed, Fig. 1.10(a). The 
origin of the s-axis may be taken at any convenient generator on the 
median line of the section and is defined as positive when moving in a 
clockwise direction about the shear axis with respect to the positive 
direction of the longitudinal beam axis. The co-ordinate axes, stated 
in the form (z , s), are also suitable for straight members where z 
is 
the longitudinal beam axis, previously defined. 
1.4.2 Stresses and Deformations 
All deformations, stress resultants and externally applied 
loads are positive quantities in the directions shown in Figs. 1.7,1.8 
and 1.10(b). 
For the positive face of the cross-section, a stress component 
is to be regarded as positive if it acts in the positive direction of 
an axis; otherwise, it is negative. For a negative face of the 
cross-section, a stress component acting in the negative direction of 
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an axis is posit ve. Hence, tensile stresses are always positive 
quantities and compression stresses are always negative. Also, for a 
positive face of the cross-section, shear stresses acting in the 
positive direction of s are positive; otherwise, they are negative.. 
- -ý ý. 
The ( transverse bending stresses due to distortion are 
associated with the deformed shape of the cross-section, shown in Fig. 
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ANALYSIS OF BOX GIRDERS 
2.1 Introduction and Development of the Theory 
Unlike solid sections, the response of thin-walled members to 
torsional loading is characterised by large out-of-plane warping 
deformations. In general, there are two forms of warping 
displacement. The first, called torsional warping, occurs in response 
to the application of pure St. Venant's torque; the second is due to 
cross-sectional distortion. If these' displacements are in any way 
restrained, longitudinal and shear stresses are generated which may 
significantly modify the state of stress around the box section and 
along the beam. 
Thin-walled box beams may be divided into two groups according 
to their behaviour when subjected to torsion. The first group 
includes girders with perfectly rigid cross-sections. The cross- 
section of such a girder may rotate in its own plane but does not 
change shape. The second group covers girders which do not satisfy 
this condition, resulting in distortion of the cross-section. 
The first systematic study of the theory of thin-walled beams 
was carried out by Vlasov [51]. He treated thin-walled, thick-walled 
and solid members as special cases of the same general theory. In 
order to explain torsional warping, Vlasov divided a torsional moment 
into 'pure' and 'flexural' components which correspond to the St. 
Venant shear stresses and torsional warping shear stresses. For this 
to be possible, he established new cross-sectional functions, denoted 
sectorial properties, and a new type of stress resultant, denoted 
torsional bimoment, to supplement those already used in simple beam 
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theory. 
The analysis of torsion of thin-walled beams was later 
reformulated and generalised by Benscoter [3], Kolbrunner and Basler 
[26] and Heilig [17] for multicell boxes with arbitrary cross-sections. 
Because of the limited number of translations available, the book by 
Zbirohowski-Koscia [61] (open sections only) is a very helpful 
introduction to the subject of mixed torsion. 
Dabrowski [10] was the first to derive the fundamental 
equations for non-deformable curved box girders, subject to non-uniform 
totsiön. He presented an extensive series of tables, together with 
influence lines and diagrams of internal forces for single-span, two- 
span and three-span curved beams of constant cross-section, arranged 
according to stiffness parameters and angle of curvature. This 
analysis was restricted to girders in which the radius of curvature was 
very much greater than the cross-sectional dimensions. Curvature 
effects have therefore been taken fully into account in considering the 
overall static behaviour of the girder but neglected with respect. to 
transverse distribution of stress around the cross-section. 
Conversely, Konishi and Komatsu [27] included the effects of curvature 
in determining cross-sectional response to general loading but 
neglected secondary shear deformation in the torsional analysis. 
Waldron [53] argues that if the radius of curvature of a girder is at 
least 10 times greater than the section breadth, such a simplification 
does not give rise to significant inaccuracies. This geometrical 
condition is satisfied by the majority of existing curved box girder 
bridges. 
In order to avoid the mathematical difficulties arising from 
solving the differential equation, an analytical method for predicting 
the -torsional behaviour of thin-walled continuous 
beams was presented 
by Khan and Tottenham[21]. The method is based on a direct 
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distribution of torsional bimoments in a manner analogous to that of 
the well-known moment distribution method. The analysis is 
essentially a hand method which produces values of redundant torsional 
bimoment in a continuous structure. 
Vlasov [51] draws the analogy between the differential 
equation, describing the response of a box girder to the distortional 
component\ of the loading, and that of the beam on elastic foundation 
(BEF). The out-of-plane rigidity against differential bending of the 
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top and'bottom'slabs of the box girder provides a continuous elastic 
support for each half of the section. 
Subsequently, Wright, Abdel-Samad and Robinson [59], develop 
the analogy for single-cell box girders with longitudinally and 
transversely stiffened plates. This method considers both the 
distortional stiffness of the box walls and that of intermediate 
diaphragms or cross-bracing. Tandon [50] extends the B. E. F. analogy 
to non-prismatic (tappered) box girders with generalized support 
conditions. The method, involving a numerical procedure for 
evaluating the distortional effects, is suited for hand calculations. 
Steinle [48] derived the differential equation governing the 
distortional behaviour of a rectangular single-cell box girder, 
including the effect of shear deformation. The distortional stress 
resultants are represented by the distortional moment and the 
distortional bimoments. Thus, the expressions for the distortional 
stresses are analogous to those found in warping torsion theory. 
Dabrowski [9] investigates the influence of shear deformation on the 
warping torsion of deformable box girders. Very complicated 
expressions arise when shear deformation is considered in the analysis 
of distortion, involving interaction between torsional warping and 
distortional warping [35]. Much simplification results in neglecting 
shear deformation, enabling use to be made of the expressions commonly 
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applied in the design of beams on elastic foundation [18]. Shear 
deformation has also been neglected by Dabrowski [10], enabling the 
distortional effects to be studied in isolation for eventual 
superimposition with the other well understood structural effects in 
box girders. 
Sedlacek [43,44] extends the BEF analogy to straight multi-cell 
box beams of uniform section but his treatment is based more on a 
mathematical analogy between equations governing distortion and those 
governing a simple beam under combined transverse loading and axial 
tension on elastic foundations. The theory is presented in matrix 
terms suitable for present-day computation. Warping functions are 
defined for each mode of distortion (in multi-cell box beams) and these 
are added to the four basic non-distortional modes of axial extension, 
longitudinal bending about the two principle axes of the cross-section 
and torsional"warping. The equations for each mode of distortion are 
of the same form as those for a beam on elastic foundation. The 
solution for each distortional mode of the box beam are ' then 
superimposed to give the complete picture of distortional action. On 
the whole, very little computing capacity is required and physical 
insight is not lost by the extension to multi-cellular or, multi-spine 
cross-sections of arbitrary configuration. In a report by Maisel 
[36], details of the above analysis are given with some examples of the 
analysis of box beams with'various forms of cross-section. Shear lag 
is also described by Maisel in accordance with the work of Roik and 
Sedlacek [41] in a way mathematically similar to the analysis of 
distortion. Warping functions are defined to represent shear lag 
effects (in multi-cell box beams) and the form of the governing 
equations for each mode is the same as that for an ordinary beam (not 
for a beam with an elastic foundation subjected to vertical loading and 
axial tension). 
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Wright [60] proposes an approximate method based on the BEF 
analogy for the analysis of distortion in both multi-cell and multi-box 
sections. An estimate is made of the portion of the loading that 
tends to deform each cell, and this cell is assumed to respond 
independently of the remainder of the cross-section. 
Kristek [22,24] has provided an accurate elastic solution based 
on a set of differential equations. The analysis of the box girder 
with deformable cross-section is carried out in two steps. In the 
first step, it is assumed that the cross-section of the box is 
supplemented by some non-deformable bracing element situated along the 
diagonal of the cross-section. The box girder then behaves as a non- 
deformable member. In the second step, the box beam is considered in 
its original form, i. e. without its tracing, and loaded only with 
forces from the (non-existent) bracing element considered in the first 
step. The resulting state of stress is then calculated as the sum of 
the states of stress in both steps of the analysis. The girders may 
have a variable cross-section (such as variable height and thickness of 
web), and the various parts of the structure may be made of materials 
having different physical properties. 
Richmond [39] also developed a method which is suitable for 
rapid design with reference to distortional effects for rectangular box 
girders. The box is represented by four longitudinal booms and four 
walls. It is assumed that the booms carry longitudinal bending forces 
only and that the walls carry only shearing forces. The frame 
stiffness of the box is neglected and distortional loading is resisted 
only by diaphragms. Later, Dalton and Richmond [11] extended this 
method to trapezoidal sections. 
During an investigation of the analysis of truss bridges, Lie 
[29] proposed a new approach as an extension of the theory of thin- 
walled beams. A set of fourth order differential equations has been 
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established for- the rectangular single-cell prismatic beam with a 
vertical axis of symmetry, considering the interaction between bending, 
torsion and distortion. Lie states that, unlike box girders with 
rigid cross-sections, there exists no centre of twist for deformable 
box girders. The only exception is doubly symmetric sections. 
2.2 Basic Assumptions 
For thin-walled behaviour to be assumed, within the context of 
Vlasov's theory, two important geometric conditions must be satisfied. 
Firstly, the, section should be sufficiently thin for variations in 
stress across the thickness of the walls to be considered negligible. ' 
This permits the level of stress on the median line of the section to 
be used throughout the analysis. 
The second condition relates to the length of the girder: this 
should be long enough for beam action to develop fully. The limiting 
criteria for these two conditions are given as follows: - 
shell thickness 
width or depth of cross-section 
width or depth of cross-section 
length of shell 
<0.1 
ý<0.1 
It should be noted that the first criteria is sometimes not 
satisfied in practical bridge structures, but thin-walled beam theory 
has nevertheless been used for them. Kollbrunner and Basler [26] 
suggest that the assumption of thin-walled behaviour leads to an error 
of less than 10% in calculating shear stresses for a hollow cross- 
section with constant wall thickness, if the effective area of cross- 
section is less than 20% of the area enclosed by the median line of the 
box. In practice, concrete box girders rarely satisfy this 
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geometrical condition. 
With reference to Vlasov's second criteria, Dabrowski [10] 
states that the theory of beam-type members applies if the span is more 
than 3 or 4 times the breadth of cross-section measured between outer 
webs of a (multi-cell) girder. This extends the range of application 
of the theory of thin-walled beams to include the large majority of 
concrete box girder bridges. 
Beside the two- assumptions mentioned above (i. e. the shell 
thickness is significantly less than the dimensions of the cross- 
section and this, in turn, is small compared with the span length), 
some additional assumptions have been made here for thin-walled beam 
analysis and especially for the case of deformable sections. These 
are as follows: - 
(i) The cross-sectional distribution of axial stress resulting 
from warping restraint (torsional and distortional) is identical 
to the transverse distribution of unrestrained warping displace- 
ments. 
(ii) The effect of curvature is negligible in determining 
the distribution of the cross-sectional stresses which are assumed 
to be identical to those in an equivalent straight beam, i. e. the 
radius of curvature is very much greater than the cross-sectional 
dimensions. 
(iii) In the torsional warping analysis, the cross-section is 
assumed to remain rigid without any cross-sectional distortion. 
(iv) The shear `deformation caused by distortion of the cross- 
section is negligible. 
(v) Diaphragms are considered to be infinitely stiff in their 
own plane but perfectly flexible in the direction normal to the 
plane. 
Finally, it should be noted that all measurements in this thesis 
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-are stated in SI units unless stated otherwise. 
2.3 Methods of Elastic Analysis Available 
Due to the tendency of designers to reduce wall thicknesses in 
box girders, it is no longer adequate to use simple beam theory. 
Warping torsion and distortional effects may also need to be taken into 
consideration. A number of analytical methods, developed for this 
purpose, are listed by Maisel and Roll [35]. 
Many of these methods are limited in their application and 
neglect some of the structural effects. However, if combined, all of 
the structural actions associated with thin-walled beams can be studied 
with nothing more powerful than a programmable calculator. 
Maisel and Roll [35] recommended the use of the beam-on-elastic- 
foundation analogy for distortional behaviour, together with the 
methods of Kollbrunner and Hajdin [25] and Heilig [17] for the analysis 
of warping torsion. However, if these two approaches are to remain 
suitable for hand calculation, they are restricted to the analysis of 
constant cross-sections subject to simple systems of loading and 
restraint. For structures incorporating features such as variation in 
cross-section,, complex loading arrangements, irregular systems of 
support, curvature, continuity, skew, etc., a computer based method is 
necessary. The most relevant methods for the static analysis of box 
girders are briefly described here. 
2.3.1 Folded Plate Theory 
- The term 'folded plate' is used to describe a structure such as 
that shown in Fig. 2.1. This type of structure is a prismatic shell 
formed by a series of adjoining thin-plates rigidly connected along 
their common edges. A box girder may be considered as a special type 
of folded plate structure in that the plates are arranged so as to form 
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a closed section. Methods of analysis originally developed for folded 
plates may thus be adapted for the analysis of box girders [14]. 
Figure 2.1 Typical Folded Plate Structure 
A large amount of research effort has been devoted to folded 
plate analysis and two main methods have been established, i. e. the 
'Elasticity' and 'Ordinary' Methods. Between these two methods, the 
Elasticity Method is the more accurate. Provided that the basic 
assumptions in the theory are satisfied, this method may be assumed to 
yield an accurate solution and has been successfully applied 'to box 
girder analysis by Scordelis [45,461. 
Unfortunately, the method requires the representation of the 
applied loading by a Fourier series, which involves a great deal of 
computational effort. Also, the method is limited to box girders of 
constant cross-section between supports. This is a serious 
restriction since only 29% of the 173 structures investigated by Swann 
[49] comply with this condition. Furthermore, in its basic form, the 
method can only deal with simply supported girders. However, it has 
been extended by Scordelis [46] using a combination of stiffness and 
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flexibility methods, to deal with girders spanning over intermediate 
supports, provided that the extreme ends of such girders are simply 
supported. 
Although the Ordinary Method is an approximate method of 
analysis, it has been shown [13] that the errors introduced by these 
approximations are small'for uniformly loaded folded plates, provided 
that the length/width ratios of the component plates exceed a factor of 
three. 
Scordelis [46,47]'has used this method to analyse single span 
and continuous box girders. In this approach, which he termed 'finite 
segment method', the basic structural element used is a finite segment 
which is formed by dividing each plate element into a finite number of 
segments longitudinally. The approach may be applied to structures 
with arbitrary boundary conditions at the two ends, but is restricted 
to the analysis of box girders with constant cross-sectional geometry 
along their length, loaded by uniformly distributed longitudinal line 
loads only. Johnson and Lee [19] developed the Ordinary Method for 
the analysis of folded plates containing tapered elements, provided 
that the taper was not excessive (1: 3 limit). As an extension of this 
method applied to the analysis of box girdes, Rockey and Evans [40] 
developed the nodal section method which may be applied to a tapered 
box girder with either a single-span or continuous configuration. The 
structure is idealised by taking a series of transverse one-way frames 
elastically supported by a system of interconnected plate beams which 
span longitudinally between supporting diaphragms. The nodal section 
method was then extended by Al-Rifaie [1] to deal with curved box 
girder bridges. 
2.3.2 Finite Element Method 
The most powerful and versatile tool for structural analysis, 
27 
which arises from a direct stiffness approach, is the finite element 
(FE) method [63]. Special features encountered in box girders in 
practice, such- as variation in cross-section, -random spacing of 
supports and diaphragms, complex loading arrangements, curvature, skew, 
continuity, etc., can all be accommodated. 
The FE method employs an assemblage of discrete elements to 
represent the structure. The elements are connected at nodal points 
which possess an appropriate number of degrees of freedom. Each 
element has finite dimensions and known properties and, in order to 
perform the analysis, it is first necessary to establish the force- 
displacement relationship of each element. Through the use of 
compatibility and equilibrium conditions, a stiffness matrix for each 
individual element is first formed and then assembled-into a"stiffness 
matrix for the entire structure. This enables all the unknown nodal 
point displacements and forces to be determined. 
Whilst, in principle, the FE method is applicable to the 
analysis of any bridge type of any configuration, its practical 
application is often restricted by the vast amount of input data and 
computer time required for solution. For reasons of economy, special 
elements have been developed [30] in order to reduce the computer cost 
and to idealise the structure more efficiently. However, at the 
preliminary analysis and design stage, it is often desirable to use a 
simplified FE method. A series of one-dimensional FE methods [2,62] 
have been developed for the analysis of box-girders with special 
attention paid to torsional and distortional effects. The appropriate 
functions for these effects are represented as extra degrees of freedom 
at each node. 
2.3.3 Finite Strip Method 
The finite strip method was developed by Chung [8] as a hybrid 
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of the finite element procedure. It incorporates important features 
of both. the previously described methods. The cross-section is 
divided into a series of longitudinal strips spanning between supports. 
These finite strips are assembled transversely by using finite element 
techniques. However, a solution for the longitudinal distribution of 
the various components of deformation and stress is obtained by 
employing a harmonic analysis in the same way as in the folded plate 
method. 
The method was also used by Loo and Cusens [32]. They 
compared the use of a third order and a fifth order polynomial 
function to represent the deflection profile across the width of a 
strip in bending. The results showed that by using the higher order 
polynomial function a better distribution of the transverse moment 
could be obtained even with the cross-section of the bridge being 
divided into fewer strips. 
Although the finite strip method is capable of handling the 
most general arrangement of loading and intermediate boundary 
conditions, it is limited to the analysis of simply supported box 
girders of constant geometry and material properties in the 
longitudinal direction. 
2.3.4 Grillage Theory 
The method of grillage analysis involves the idealisation of 
the bridge deck into a series of discrete one-dimensional members 
assembled into a two-dimensional arrangement. This enables the 
interaction between longitudinal and transverse force systems to take 
place at nodal points at which loads, or any restraint due to supports 
or other types of fixity, can be applied. It is thus possible to 
analyse a-deck with any support condition and geometrical, variations. 
Recommendations are available elsewhere [57,58] for the best methods of 
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accommodating these effects. 
Hambly and Pennells [16] have used grillage idealisation to 
analyse cellular bridge decks. Some-guidelines were given about the 
grillage mesh and the evaluation of stiffness parameters and also 
interpretation of the results for design calculations. Billington [5] 
has developed a combination of the grillage and beam-on-elastic- 
foundation analogy which accounts for the cross-sectional deformation 
in multi-box structures. The approach is sufficiently accurate for 
design. The effect of curvature is usually approximated by a number 
of equivalent straight beams, although Sawko. [42] has developed a 
circular curved element which should permit significant saving to be 
made in both data preparation and computer running time. 
Maisel et al [34] argued that the grillage analysis is 
appropriate for pseudo-slab or multi-cellular sections with more than 
four cells. However, Hambly and Pennells [16] demonstrated that the 
method was adequate for twin cell boxes if shear flexibility was 
assigned to transverse members to account for distortion of the cell. 
Nevertheless, Maisel [34]' points out that localised distortional 
warping response due to an abnormal HB vehicle would not be well 
represented in this case. 
2.4 Analytical Method Considered in this Thesis 
As a result of the above survey, it can be seen that the most 
appropriate methods of analysis of a box girder bridge with complex 
general arrangement are those in which the structure is considered as 
an assemblage of discrete elements. 
As a result of the work described in this thesis, a one- 
dimensional beam element has been developed which considers the most 
important structural actions associated with thin-walled beams. The 
method is based on the flexibility and stiffness approaches and is 
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equally applicable to both straight and curved girders of thin-walled 
cross-sections. The effect of distortion of the cross-section has 
added two more degrees of freedom to the four degrees of freedom system 
developed by Waldron [52]. BEF analogy has been used for the 
distortional behaviour of the box. The scope of the development is 
limited to single-cell box girders with at least one vertical axis of 
symmetry. The beam may, however, have variable cross-sectional 




BENDING AND TORSION OF SINGLE CELL BOX GIRDER 
3.1 Introduction 
The cross-sectional and global equations for bending and 
torsion of thin-walled beams are presented in this Chapter. The 
fundamental equations for combined bending and torsion in curved box 
girders are based on those by Dabrowski [10] which include the effects 
of curvature in the global analysis. 
In the theory of torsion, it is assumed that distortion of the 
cross-section does not take place. This assumption is valid only when 
the beam has a sufficient transverse stiffening system along its 
length. 
This Chapter closely follows the work of Waldron [52] on the 
theory of torsion. However, the object here is to introduce the basic 
formulae for the governing differential equations for torsional warping 
of the single cell box girder only, which will later be incorporated in 
the development of the stiffness analysis presented in Chapter 5. 
3.2 Stress Equation due to Bending 
The direct and shear stress distributions around the cross- 
section at any particular point along the box girder can be found using 
simple beam theory. The derivation of the formulae for the 
calculation of these stresses is well known and only the final 
expressions are presented here. 
For a symmetrical box girder under vertical loading only, the 
expressions for the direct and shear stresses are: 
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in which it is assumed that plane sections remain plane during pure 
bending deformation. 
3.3 Pure Torsion 
Consider the circular curved girder, shown in Fig. 3.1, simply 
supported at its ends and free from any longitudinal restraint. The 
beam is subjected to a constant torque applied at the ends (about the 
shear centre). This results in a constant distribution of torque 
along the beam and an equal but opposite vertical reactions of 
magnitude V- T/r. 
Figure 3.1 Basic CircuZar Curved Girder Subject to Pure Torsion 
Mx"Y 
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The total resultant twist 0 at any section is given by 
(D 0 3.3 
r 
in which ý denotes the rotation of the section about the shear centre 
and v/r is the angular contribution due to the vertical displacement v 
of the curved shear axis. 
Under pure torsion, the distribution of shear stress for a 
typical single cell box section is as shown in Fig. 3.2(c). The final 
distribution comprises two components. The first consists of shear 
stresses linearly distributed across the wall thickness. These 
represent the torsional stresses in the equivalent open section formed 
by introducing an immaginary cut in the closed cell. The second 
component is a uniform distribution of shear stress, constant across 
the wall thickness, which is required to restore compatibility of the 
section at the imaginary cut. 
Now consider the positive face of a typical closed thin-walled 
section. The three displacements at any point (s, a) on the cross- 
section are: (i) tangential, ust; (ii) normal, unt ; and (iii) 
longitudinal, wt (Fig. 3.3). At this stage, the position of the shear 
centre and the initial radius (s - 0) are unknown, but are chosen 
arbitrarily as a basis for the analysis. 







Ysa as r' aa 
a wt 1a unt 
Yna an t r' aa 
3.4 
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(a) Linearly Distributed Shear Stress 
VVW 
I ý, 
(b) Constant Distribution, of Shear Stress in Closed CeZZ 
(c) FinaZ Distribution of Shear Stress 
Figure 3.2 Distribution of Shear Stress in a Typical Single Cell 




Figure 3.3 The Displacement System due to Torsion 
For pure torsion, longitudinal warping has an identical cross- 
sectional distribution at any section along the beam. The first of 
Eqn. 3.4 is therefore equal to zero. For thin-walled beams, secondary 
warping across the wall thickness may be neglected. As a result Yna is 
zero everywhere across the wall thickness. The only non-zero term in 




r Da r' -da 
may be written as 
a Wt 
º Yscc = 
(as 





In this expression, the shear deformation due to vertical shear force, 
V, has been neglected. 
After integrating Eqn. 3.6 around the cross-section, the following 
36 
relationship is obtained for the warping displacement. 
w ts w to 
Fs 
G. d " 
ds - ý' rs. ds 3.7 
0o 
From the compatibility condition, the resultant of the 
warping displacement around the entire closed part of the section must 
be zero. This gives 
F sv 
G. 6 . ds - O'. n =0 - 3.8 
in which n represents twice the enclosed area of the cell. From Eqns. 
3.7 and 3.8, FSv can be eliminated. The torsional warping 
displacement at any section along the beam may then be written as 
wts - wto "ýr' 
in which w is given by 
Sý 








The term w is called the torsional warping sectorial coordinate (units: 
length 2). We are now in a position to find the true centre of twist 
and the position of the initial radius. A necessary condition for the 
state of warping is that there should be no resultant bending moment 
and direct force at any section. Accordingly, we have 
I 
JaT 






With 17TW determined from first of Eqns. 3.4 and Eqn. 3.9, the above 
conditions may be written alternatively as 
Jwx. 
dA = FY. c1A = JLdA 
AAA 
3.12 
The first two, conditions can be used to establish the position of the 
actual shear centre and the third conditions enables the initial radius 
to be selected such that wto -0 when s-0 (i. e. the point on the 
cross-section which displays zero torsional warping displacement). 
By taking moments about the true shear centre, making use of 
the expression for FSV in Eqn. 3.8 and noting that 
frs. 
ds - n, the 
torsional resistance may be expressed as 






The second term represents the effect of the linearly distributed shear 
stress ATSV. This makes only a small contribution to the torsional 
characteristics of the box section and, therefore, may be neglected. 
Eqn. 3.13 may then be approximated to 
T sv = tt . FSV = GIdý' 
3.14 
where Id dfIz s 
3.15 
1 
Eqn. 3.14 is known as the Bredth-Batho formula and Id is referred to as 
the Bredth torsional second moment of area (units : length4). 
/ 
3.4 Warping (mixed) Torsion 




restrained, a system of direct and shear stresses is created. The 
torsional warping shear stresses have a modifying effect on the shear 
deformation produced by St. Venant shear stresses due to pure torsion 
and it is no longer correct to say wts =- ¢'. w as it is in the case 
of pure torsion. Instead, Benscoter [3] introduced a new 
dimensionless function f' such that 
wts = -f' .w 
For this expression, it has been assumed that the transverse 
distribution of warping displacement is w as given by Eqn. 3.10. 
The torsional warping stress and bimoment which is a measure of 
the magnitude of the direct stress may now be defined as 
CF TW 
=E. ws' _ -Ef"iý 
B= 
(csTW. ü,. dA = -El-.: E" 
A 
I. is the Torsional Warping Constant (unit : length6) and is given by 
.w 
Iw = w2. dA 
A 





alternatively be written as 
QTW 
B. m 3.20 
I. 
w 
To determine the level of torsional warping shear stress, consider the 
differential wall element shown in Fig. 3.4, subjected to direct force 






r. da a TW .a+ Da 
6 "da. 
Figure 3.4 Differential Wall Element 






After eliminating aTW from Eqns. 3.17 and 3.21 and noting that 
B f _ -EI.. f"' w 
we find that 
B'. S- 







in which the torsional warping shear function S. is given by 
S 




and FTO is the initial shear flow (at s- 0). 
From the equilibrium condition, the resultant of the shear flow 
about the shear centre must be equal to the applied torque from which 
T f 
ý F. rs. ds = FTO rs. ds - 




From this equation, FTO is found and substituted into the Eqn. 3.23 to 
give 
W 
3j__f. S F= F+F Sv 3.26 
Here, the term SW is called the reduced torsional warping sectorial 
shear function, (Units : Length4) and is defined as 
SW = SW -ý{ Sw. rs. ds 
S 
3.27 
As it can be seen from Eqn. 3.26, the total torsional shear 
flow comprises two components. The first term is the constant shear 
flow FSV given by the Bredth-Batho (Eqn. 3.14) which only occurs in the 
closed part of an open/closed section. The other term represents the 
shear flow due to torsional warping restraint. This extends over the 
entire section and forms a self-equilibrating system with zero 
resultant torque. 
3.5 Fundamental Equation Governing Warping Torsion 
The shear strain relationship for the case of warping torsion 
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may be written as 
F= GS 
Its 
tS + rs4l 3.28 
Also, the connectivity condition governing compatibility of warping 
displacement around the closed cell may be written in terms of the 
combined shear flow as 
Gd . ds = 94, 
By making use of Eqns. 3.26 and 3.22 and noting that 
T_ 
Q7 'w' 6- 'w 
3.29 
3.30 
an expression for total torque at any section along the beam may be 
written in the following form: 
zd ý 
Sý. ds = 
T= GId¢' - EIWf"' 3.31 
To eliminate f' from the above equation, a further relationship is 
required between $ and f. An alternative expression for the torsional 
shear flow F can be obtained from Eqn. 3.28 by making use of Eqns. 3.16 
and 3.10. From this, the applied torque may be expressed as 
T Frs. ds =G rs2. dA tO T 'd' s rs. 
ds 3.32 
By introducing two more new terms, this expression can be simplified to 
give 






In this expression, Ic is called the central second moment of area 













The warping shear parameter u has a value between zero and unity and is 
a measure of the variation in shear stiffness around the section. 
Dabrowski [10] also presents an alternative expression for the 











However, this expression is more difficult to calculate than from Eqn. 
3.35 and is only marginally more accurate. 
Now, by substituting ý' from Eqn. 3.33 into Eqn. 3.31, a differential 
equation is obtained in terms of the dimensionless torsional warping 
function f only: 
titT = uGldf' - EIWf"' 3.37 
On differentiating with respect to the longitudinal axis and on 
consideration of the equilibrium condition, the above equation may be 
expressed as 
ti° - k2. 
f1f 
= u 
r. EIý Ct. r t M1 x 
3.38 
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3.6 General Solution 
Consider the circular curved girder, shown in Fig. 3.5, simply 
supported on its two ends. It is loaded with concentrated torques, Ti 
(i - 1, m) and uniformly distributed torque tj (j - l, n), at various 
positions along the-beam. 
A. = r. 0 
Figure 3.5 The Circular Curved Member Subjected to General 
FZexuraZ and Torsional Loading 
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Taking moments about the tangent to the curved longitudinal 
axis at z-r. a, the torque of this point may be expressed as 
z 
mn 





The fundamental equation governing mixed torsion in thin-walled beams 
(Eqn. 3.38)-. is first solved considering the homogeneous differential 
equation 
fiv - k2. fý _ 0 
This has a general solution of the form 
f= k1sinh kz t k2cosh kz + k3z t kq 
3.41 
3.42 
The constants K1_4 can be found by applying the following boundary 
conditions at z-0: 
f=fl ; fý =f1 ; T=T1 ; B=B1 







1' k1 uGld 1ý 11kGId 
3.43 
Now this equation can be modified for the general case using Eqn. 3.40 
to give a general expression for f in terms of the applied loading. 
However, a solution for f is not very useful and, by using Eqn. 3.33, 
an expression can be obtained for the angle of twist along the girder. 
For clarity, this expression is given in Table 3.1 along with the other 
necessary term, such as f' and B which are obtained by differentiation. 
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For the case of. the straight beam, shown in Fig. 3.6, bending 
moment has no torsional component and, therefore, the final column, due 
to member curvature, has to be ignored. 
ý-- 
t, T. 







Figure 3.6 The-Basic System for Straight Member Under 
Torsional Loading 
3.7 Example of Torsional Warping Sectorial Properties 
An existing computer program sector [54] was used to find the 
sectorial properties. The program is very general and analyses any 
cross-section with open or closed parts, asymmetrical or multicellular 
sections and those with tapering walls. 
Just to give an example to show the distribution and magnitude 
of the torsional warping sectorial properties, the program was used to 
analyse the example given by Maisel [35]. The distribution of the 
torsional warping sectorial co-ordinates, m and reduced torsional 
warping sectorial shear function, as found by SECTOR, are given in 
Figs. 3.7b and c respectively. 
The program also gives a list of some'other useful information, 
such as geometrical constants: 
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Total Cross-Sectional Area 
x Co-ordinate of Centroid 
y Co-ordinate of Centroid 
Second Moment of Area I 
Second Moment of Area I yy 
Second Moment of Area I xy 
and also various torsional constants such as: 
x co-ordinate of-Shear Centre 
y co-ordinate of Shear Centre 
Torsional Warping Constant IW 
Torsional Second Moment of Area Id 
Central Second Moment of Area Ic 
Torsional Warping Shear Parameter u 
- 0.378 x 107 mm2 
=o 
--0.528 x 103 mm 
- 0.1602 x 1013 mm4 
- 0.1544 x 1014 mm4 
sO 
"0 
ý-0.694 x 103 mm 
ý 0.793 x 1018 mm 
6 
- 0.326 x 1013 mm4 










(a) Dimensions 'o f Cross-section ( in nvn ) 
0.602 -0.785 
iý a (x106 ) 
0.857 
ý 
(b) Torsional Warping Sectorial Co-ordinates} c", 
Co r, - %. 0 






















(c) Reduced Torsional Warping Sectorial Shear Function SS 




DISTORTION IN SINGLE CELL BOX GIRDER BRIDGES 
4.1 Introduction 
The theory of torsion described in the previous Chapter is 
based on the assumption that the cross-section of a thin-walled beam 
preserves its original shape under an antisymmetrical load. This is 
not the true behaviour of practical box girder bridges where the cross- 
section may distort and can only be prevented by sufficiently closely 
spaced diaphragms or bracing. However, the inclusion of diaphragms or 
bracing causes problems in the construction process and, with the 
exception of support diaphragms which are necessary for transmitting 
shear to the supports, box girder bridges are often designed with few 
or no additional diaphragms. These large diaphragm spacings result in 
distortional effects, such as distortional warping and transverse 
bending. These effects may be significant and must be superimposed 
upon the effects of bending and torsion. 
The principal objective of this Chapter is to discuss the basic 
problems related to distortional effects due to torsion. The analysis 
is restricted to single cell configurations with a vertical axis of 
symmetry. The content of this Chapter will later be used in 
developing a stiffness method to include the effects of cross-sectional 
distortion. 
4.2 Distortional Component of an Eccentric Load 
Consider a single cell box beam with a trapezoidal cross- 
section loaded with external twisting loads tV and tH per unit length, 
as shown in Figs. 4.1 and 4.2 respectively. For the analysis of box 
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girders with deformable cross-sections, these loads must be divided 
into the two components which are: (i) pure torsional loads; and (ii) 
section deforming loads. 
The pure torsional forces can be obtained by integrating the 
constant shear flow from the Bredth-Batho formula (Eqn. 3.14). These 
forces are in equilibrium with the applied external twisting moments. 
The section deforming forces are formed from equilibrium conditions and 
are self-equilibrating. They can be replaced by equal and opposite 
forces acting along the diagonals of the box producing racking of the 
cross-section. 
It is important, at this stage, to notice that the twisting 
component is increased from combining positive vertical and horizontal 
twisting loads whereas these loads have an opposite effect on the 
distortional behaviour. This can also be seen in Fig. 4.3 where the 
4 
resultant diagonal distortional forces, due to the vertical and 
horizontal twisting loads tV and to are in opposite direction and tend 
to reduce the distortional effects. 
Resolving the distortional forces at the corners of the box 
gives the following expression in the vertical and horizontal 
directions for the two cases considered: 
b H 
VV =2 (bt+bb) bt . 
tV 
bb 








It can be seen that these resultant forces produce equal and 
b 































(a) Distortional Components of Vertical Load 
(b) Distortional Components of Horizontal Load 
Figure 4.3 Distortional Components Resolved at Box Corners 
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a total distortional moment can be defined as 
b 
md = mdV + mdH =ýf bb tV - tH ) 4.3 
t 
The effects of sloping the webs in box sections is clear from Eqn. 4.3; 
the distortional moment reduces as slope increases. This is due to 
the increased frame stiffness of the box and, in the extreme case where 
the section is triangulated, ' the section becomes non-deformable. In 
the case of rectangular sections, where bt = bb, the distortional 
moment becomes: 
md =ý (tv - tH) 4.4, 
4.3 Stresses and Deformations due to Distortion of the Cross- 
section 
A single-cell box girder with a deformable cross-section is 
deformed under torsion into the shape shown in Fig. 4.4. The corner 





Figure 4.4 The Deformed Shape of a Box Girder Under Torsion 
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points of the box are displaced vertically by an amount vt and by ut, ub 
in the horizontal direction. 
The distortional angle Yd is produced as a result of 
distortional forces acting on the box. It is defined as the angle 
which produces a unit quantity of work when a unit distortional moment 
is applied to the cross-section. This term represents the change in 
angle between the top flange of the cross-section and the inclined side 
web after the box has been distorted, and is given by 
Yd-*F+*W 4.5 
where *F and *W are the rotations of the top flange and side web of the 










Substitution of Eqns. 4.6 and 4.7 into Eqn. 4.5 gives an expression for 
the distortional angle in terms of the displacement of the box corner 
points: 
2 vt ut + ub 
Yd bt +h 
4.8 
The distortional angle may alternatively be expressed by the tangential 
displacement of the individual wall elements. First, an expression 
has to be found for the tangential displacement of the side webs from 
the vertical and horizontal displacements. This is given by 
uw = vt. siný + ut. coo 4.9 
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Substituting for vt from this expression into Eqn. 4.8 gives 





The tangential displacements of the individual wall elements 
can be expressed in analogy with the theory of torsional warping as the 
product of a distribution function Vs and the distortional angle, i. e. 
usd = Vs 0 
d 
Another form of displacement which occurs as a result of distortion of 
the cross-section is distortional warping displacement, wd which occurs 
in the longitudinal direction. The shear strain of the middle surface 
is determined from the following relationship: 
aw ry 1 ausd - 4.12 Ysaastraa 
To develop an approximate theory of the distortion of the cross- 
section, it is assumed that the in-plane displacement is accompanied by 
sufficient warping to annul the shear strain. Now, by eliminating 
usd from Eqns. 4.11 and 4.12 and integrating, an expression is found 
for the distortional warping displacement in the form 




in which w is called the distortional sectorial co-ordinate (units 






For a singly-symmetrical cross-section, the distribution of the 
distortional warping co-ordinates is anti-symmetrical. Therefore, the 
distortional warping displacement is zero on the axis of symmetry, i. e. 
wdo -0 when s-0. 
The distortional warping displacements are not generally 
constant along the beam since they are accompanied by some form of 
axial restraint. This results in the formation of direct stresses 
called distortional warping stresses, QDW, which can be obtained from 
vDW =E. eda 4.15 





on substitution of wd from Eqn. 4.13 into Eqn. _ 4.16, the-distortional 
warping stress and bimoment may be defined as 
a DW = -EYd' .w 





=I wZ. dA 
-EIW. ydll 




Furthermore, by using Eqns. 4.17 and 4.18, the distortional warping 
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The distortional direct stresses are self-equilibrating and, as 
in the case of warping torsion, there are no resultant bending moments 






By using Eqn. 4.17, the above expression can be written as 






The distribution of distortional warping co-ordinates can be 
seen in Fig. 4.5 for a typical singly-symmetrical section. 
1 2 3 4 
6 5 
Figure 4.5 Distribution of Distortional Sectoriat Co-ordinates 
for a Singly-synonetricaZ Cross-section 
From the antisymmetrical distribution of w, the second and third 
conditions in Eqn. 4.22 are satisfied. However, from the first 
condition, a relationship can be obtained between the distortional 
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-ß. w3 4.23 
) 
In the case of rectangular cross-sections with bt. = bb =b and bw - h, 









bb2. tb + 2bW. tW (bb + 2b 
3+ 
3+ 







To determine the absolute values of the distortional sectorial 
co-ordinates 
Ws 
consider the free body diagram of web and flange 
elements of the typical single-cell box beam, 
Normal stresses within these elements can be 
moments M and normal forces N. These moments 
shown in Fig. 4.6. 
replaced by bending 
can be expressed in 
terms of the tangential displacements of the web and top and bottom 
flanges previously defined as follows: 
M=u 
w w' . 
EIW 
Mt = ut' . EIt 
Mb = ub' . EIb 
4.26 
Where Iw, It and Ib are the bending second moment of areas of the 
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Figure 4.6 Forces on the Individual"EZements of the Box Girder Walls 
individual wall elements and are given by 
IW = W. 
bW /12 
It = tt. bt /12 
Ib = tb. bb /12 
4.27 
The moments defined in Eqns. 4.26 can be expressed 
alternatively in terms of the distortional normal stresses in the 
individual wall elements, thus: 
"i Lý"iý. nf 'r L Lý 
L .D (1 'f' 15 1 W3 D Lw0DW WW 
__ MW = Qw 62 Iý 6 
Mt = 




tb 2 ß. w3 












Now, by eliminating moments from Eqns. 4.26 and 4.28, the 
second derivative of the tangential displacements uW, ut and ub may be 
expressed in the following way: 
(1 + ß) . w3 D 
uwý Ebw Iw 
utl Ebt Iw 
11 IN = 
2 ß. w3 D 
Ebb IW 
4.29 
Differentiating Eqn. 4.10 twice and introducing the expressions from 
Eqn. 4.29 yields 
I rh ýhý_ý Rh -4 hI ý . --t " --b, .. '--t --b' D. w 
d E. h. bt2. bb IW 
3 
4.30 
By eliminating Yä from Eqns. 4.18 and 4.30, an explicit expression is 
found for 63 in the following form: 
w3 
2' w3 D 
. bb h bt 
2 
2 (bt + bb) . U3 bt + bb) 





To determine the associated distortional shear stresses, 
consider the equilibrium condition 
1 aQ°Wa + 
aF°W 
=r aa as 4.33 
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By eliminating %DW from Eqn. 4.17 and 4.33 and also noting that 
D' = -E 'Yd... 
it is found that 
FDW = FDO IW 
4.34 
4.. 35 
in which FDA is"the distortional shear flow at se0 and SW is called 
the distortional sectorial shear function and is given by 
S=Iw. dA w 4.36 
The constant FDO is found from the condition that distortional shear 
flow must not produce a resultant torque. Thus, 
0 
fr^DWrs. 
ds = FDO rs. ds - 










Here, SW is called the reduced distortional sectorial shear function 
(units : length4) and may be defined as 
SW = Sw - -1 
1 SW. rs. ds 4.39 
It thereby becomes possible to form an analogy between the section 
properties and functions which have been derived in this Chapter with 
D' . S.. w 
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the corresponding expressions developed earlier for the theory of 
warping torsion. 
4.4 Frame Action of the Cross-section 
Transverse frame action around the box is another form of 
resistance to distortion of the cross-section which adds to the 
resistance caused by the distortional warping restraint. This is 
caused by the transverse flexural stiffness of the walls forming the 
closed cell of the box when the section is subjected to distortional 
loading. 
Consider a unit length of the box beam shown in Fig. 4.7 under 
the application of distortional moment, Md, which causes the section to 
distort. The shape of deformation is similar to that of a Vierendeel 
frame having an identical elevation to the cross-section of the box. 
The frame stiffness can be defined as the resistance corresponding to a 
unit distortional angle. Now, by equating the total work done on the 
unit length box, given by ; Md Yd, to the internal energy per unit 
Figure 4.7 Unit Length Box Beare Under Distortional Loading 
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length in resisting the distortion of the section, /d Yd2' an 
expression is obtained for the distortional frame stiffness per unit 




Alternatively, the distortional frame stiffness can be obtained 
in terms of the geometrical properties of the section by considering 
the unit length box beam loaded by diagonal forces with a unit 
horizontal component [62], as shown in Fig. 4.8(a). The frame is 
restrained at the lower corner points in both the vertical and 
horizontal directions. ' 
The structure is first released at the centre of the top flange 
and the unknown components of force R1, R2 and R3 are applied as 
external loads. However, from the condition of symmetry, there is 
only one redundent force R3 (vertical shear) to be found from the 
flexibility analysis. Placing a unit shear load at the released 
position gives the M3 diagram (Fig. 4.8(c)). The bending moment 
diagram, due to externally applied horizontal unit force, is shown in 
Fig. 4.8(d). The compatibility condition at the middle of the top 
flange may be expressed as 
f33 . R3 +6 3P =0 
4.41 
where f33 is the flexibility coefficient representing the deflection 
of the released point when a unit shear load is applied and dap is the 












(a) Dimensions of the Frame 
(b) Released Structure 
(c) Moment Diagram due to Unit Shear Force at the Cut, M3 
(d) Moment Diagram due to External Unit Force, 9 
Figure 4.8 Unit Length Box Beam of DeformabZe Cross-section 
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3322 bt bb t +bt. bb+bb ) 'bw 4.42 
-1 
1 (bt+2bb). h. bW h. bb` 
=-+4.43 6 DW Db 
In the above equations ýDt. Db and Dw are the transverse flexural 













Substituting f33. and 6 3p from Eqns. 
4.42 and 4.43 into the 
compatibility expression (Eqn. 4.41), an expression is found for the 




(bt+2bb) bw DD+ bbl 
ww 
3+ 
2bw. (bt2+bt. bb+bb2) 
Dt. ýb 
DD 
b bt3 + pt bbb 
ww 
w 
D. r D. 
n r, t "ýb vYw 
M3 ' Map ds 
Di 




On the other hand, since the externally applied distortional moment is 
Md = 2. h, Eqn. 4.40 may also be written as 
2h 2h 
Kd = Yd =6H/h 4.46 
where 6H is the horizontal displacement at the junction of the web and 
upper flange. This can be determined from the energy theory, thus: 
H 6 
D 2. bb bw 
wD2 
h 
12D (bt+2bb)bw + Dw 
bb 6D 2. +D 
w bb bwb 
4.47 
Now, by back substitution of SH into Eqn. 4.46, an expression is found 








Again, for a rectangular box section, with bt = bb -b and bw - h, this 
expression reduces to [10,48]: 
nl =1+ 
2b+3Db+Dt DW 







Furthermore, by using the influence values of transverse bending 
moments per unit length, mdb, from Figs. 4.8(c) and (d), the actual 
transverse bending moments per unit length of the box beam can be 
obtained from the following expression: 




where Yd - 2h/g 
d 
is the influence distortional angle. Accordingly, 
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"t . .. b 
4.53 
This expression reduces to the following equation for the case 








The distribution of transverse bending moments for a typical single 
cell box-beam is given in Fig. 4.9. 
Figure 4.9 'Distribution of Transverse Distortional Bending Moment 
The transverse bending stresses generated can be of the same order as 
the longitudinal stresses associated with bending and warping 
restraint. In such cases, the Poisson's ratio effect, due to 
transverse bending can generate significant additional longitudinal 
stresses which must be considered. These stresses may be obtained 
approximately by multiplying the transverse bending stresses by 
Poisson's ratio. 
4.5 Contribution due to Curvature of the Longitudinal Axis 
Additional distortional forces occur in curved box girders due 
to the radial component of the longitudinal bending stresses. If it 
is assumed that the cross-sectional dimensions are small in relation to 
the radius of curvature, the radial component of longitudinal bending 




The resultant forces defined in Eqn. 4.55 are shown in Fig. 4.10 acting 
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on a unit length of a trapezoidal box girder cut by two radial planes. 




MX. tt. (bt+2bý) . yt 
IX. r 
Mx. tb. bb'Yb 
IX. r 
MX. tW. y 
IX. r 
4.56 
Figure 4.10 Additional Distortional Forces due to Bending Stresses 
in Curved Members 
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can also distort the cross-section and their effect must be considered 
in the analysis of box girders curved in plan. They may be repalced 
by a horizontal force acting through the shear centre and a torsional 
moment. The corresponding distortional moment per unit length may 
then be expressed as 
MX 
mdr =pz 4.57 







In this expression, the term yGs is the vertical distance between the 
shear centre and the centroid of. the cross-section. 
4.6 Basic Differential Equation for Distortion 
In order to derive the differential equation describing the 
response of a box girder to distortion, the energy method has been 
employed. 
The strain energy corresponding to the distortional warping 
stresses is given by 
U1 
fJ t2EW2 
dA. dz 4.59 
XA 
By substituting aDW from Eqn. 4.17 and making use of the expression 
given in Eqn. 4.19, U1 may be written as 
U1 =E IW 
f 
(Ydýj)2 dz 4.60 
z 
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In addition, the energy required to'distort a frame of length dz, is 
dU2 =ý Kd . Yd2 . dz 






on the other hand, the potential energy of the external distortional 
force is given by 
rM 
V= -I ( and +p rX 
)*Yd . dz 
ý 
and the total potential energy equation becomes 
U= Ul + U2 +V 
4.63 
4.64 
The usual process of calculus for minimizing the total potential energy 
results in the Euler-Lagrange equation for the distortional angle Yd' 




Kd Yd =( md +pr4.65 
a 
The differential equation describing the deflection y of a beam 





+ K"Y = P 4.66 
in which K is the foundation modulus and p is the applied loading. It 
can be seen that the two differential equations 4.65 and 4.66 are 
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similar in form and a direct analogy exists between the physical 
properties of a box and those of the beam on elastic foundation. 
4.7 General Solution 
From the analogy between the differential equation for 
distortion of a single-cell box girder and the beam-on-elastic 
foundation, use can be made of the expressions given by Hetenyi [18] 
with the appropriate terms replaced to distortional properties. The 
analogous quantities are all given in Table 4.1 for comparison. 
BEF analysis Distortional analysis 
Description Symbol Dimension Description Symbol Dimension 
Deflection y L Distortional Yd 
angle 
Bending Moment I L4 Distortional I- L6 
of Inertia warping w 
constant 
Foundation K FL-2 Frame Rd F 
Modulus Stiffness 
Point P F Concentrated Md FL 
Loading D. moment 
Distributed p FL -1 Distributed md F 
Loading D. moment 
Bending M FL Distortional D FL2 
Moment Bimoment 
Shear Force Q F Derivative Md FL 
of D 
Table 4.1 Beam-on-elastic foundation Analogy 
Consider the circular curved girder shown in Fig. 4.11, loaded 
with concentrated distortional moment Mdi (i = 1, m) and uniformly 
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distributed distortional moment mdj (j - 1, n) at 'various positions 
along the simply supported beam. 
A. =r. ß 
Md1 Md2 
ýý ýý ýý 
ý\ 
I 
Figure 4.11 Basic Circular Curved Girder Under Distortional Loading 
By introducing a new term A, the distortional differential 





i md +pM rX 
) 4.67 
az w 















+4 X4. Yd =0 
which has the following general solution (18] 
d c 
4.69 
eaz ( C1cosxz + C2sinaz )+ e-az ( 'C3cosxz + C4sinaz ) Y Z) 
4.70 
The constants C1_4 can beýfound from the method of initial 'conditions 
at zs0, whence 
Yd Ydl Yd ' = Ya'i D=D1 D' Mdl 
By finding the expressions for C1_4 and making use of Eqn. 4.68, Eqn. 
4.70 will take the form 






F1(az) = coshXz . cosXz 
F2 (, lz) = 
2. ( coshXz . sinXz + sinhXz . cosaz, ) 
F3(az) =2 sinhXz . sinXz 
F4(Xz) =4( coshXz . sinXz - sinhXz . cosaz 




is loaded, as shown in Fig. 4.11. It is evident that the loading 
terms have a similar coefficient to the Mdl term and, thus, the general 
expression for the distortional angle along the beam is 
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rZj 2 4X 





) F4 (X2) dz 4.73 
in which'the alternative signs relate to the two possible arrangements 
shown in Fig. 1.9. By differentiating the expression for Yd and 
noting that 
F1' (Xz) _ -4X F4 (az) 
F2' (Xz) _X F1(az) 
F3' (Xz) X F2(az) 
F4' (az) =X F3 (az) 
4.74 
the other necessary terms, such as y (z), D(z) and Md(z), can be 
obtained. These various terms are listed in Table 4.2, in which the 
last column corresponds to the effects of curvature which has to be 
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Figure 4.12 The Basic System for Straight Members Under 
Distortional Loading 
4.8 Evaluation of the Distortional Sectorial Properties 
A computer program DISPRO has been written for calculating the 
distortional sectorial properties for singly-symmetrical box sections 
with side cantilevers. The algorithms used in the program are based 
on the general trapezoidal configuration given in this Chapter. 
The input data includes the geometrical dimensions of the 
cross-section and also the material properties such as Young's modulus 
and Poisson's ratio. 
To analyse the same example as given in § 3.7, Fig. 4.13(a), 
program DISPRO gives the following results: 
(i) Distortional sectorial co-ordinates w (Fig. 4.13(b)) 
(ii) Reduced distortional sectorial shear function S= w 
(Fig. 4.13(c)) 
together with a list of other geometrical and distortional properties, 
as follows: 
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(a) Reduced Distortional Sectorial Shear Function, SE 
Figure 4.13 Distribution of Distortional Sectorial Functions 
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Twice the Enclosed Area 
Distortional Warping Constant I- 
w 
Flexural Rigidity of Top Flange Dt 
Flexural Rigidity of Bottom Flange Db 
Flexural Rigidity of Web D w 
Distortional Frame Stiffness Rd 
Distortional Decay Factor x 
- 0.12 x 108 mm2 
- 0.1013 x 10 
19 
mm6 
- 0.4595 x 1011 Nmm 
- 0.3131 x 1011 Nmm 
- 0.7941 x 1011 Nmm 
- 0.1939 x 109 N 
- 0.193 x 10-3 =7 
1 
Ratio (-m5/w3) - 0.4193 x 101 
In these calculations the material was assumed to have the 'following 
properties: 
E- 34.5 x 103 N/mm2 
v=0.15 
4.9 Effects of Cross-Sectional Geometry on the Distortional 
Parameters of Rectangular-Box Girder-Bridges 
It is apparent from Table 4.2 that the various distortional 
deformations and stress resultants are expressed solely in terms of the 
distortional frame stiffness, Rd, distortional decay factor, A, and the 
applied distortional loadings. By evaluating the two distortional 
parameters (Rd and A), it is therefore possible to make an assessment 
of the distortional effects for a particular distortional loading. 
It is intended, in this section, to investigate how these two 
parameters vary for a range of typical box section geometries. The 
study is based on an idealized rectangular cross-section, shown in Fig. 
4.14. The range of values of wall thickness/breadth ratio has been 
kept as wide as possible [55], as shown in Table 4.3 and intermediate 
values can be obtained by interpolation. The distortional parameters 
Kd and A have been evaluated from Eqns. 4.48 and 4.68 respectively. 









Figure 4.14 Idealized Rectangular Cross-section 
Section 
Reference 
dt/b db/b ö/b 
A 0.05 0.03 0.05 
B 0.07 0.03 0.05 
C 0.05 0.05 0.05 
D 0.07 0.05 0.05 
E 0.05 0.03 0.10 
F 0.07 0.03 0.10 
G 0.05 0.05 0.10 
H 0.07 0.05 0.10 
Table 4.3 Wall Thickness / Breadth Ratios Used in Parametric Study 
For simplicity, results are shown only for the case where the total 
width of the cross-section, including cantilevers, is twice the width 
of the box. Results for the distortional frame stiffness, for various 
h/b ratios, are shown in Fig. 4.15 (to be multiplied by Eb2) and for 
the distortional decay parameter in Fig. 4.16 (to be divided by b). 
Furthermore, the dimensionless distortional parameter ai has also been 
evaluated and shown in Fig. 4.17, for which the span has been assumed 
to be twenty times the overall depth of the box. For these cases, the 
values of h/b ratios have been selected as being typical of existing 
concrete box girder bridges [49]. 
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By using the results of this parameter study, the lengthy 
algebraic expressions needed for an evaluation of the basic 
distortional parameters of a particular box section can be avoided in 
the initial design stage. Using Fig. 4.15 - 4.17, it is possible to 
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Figure 4.16 Dimensionless Distortional Factor U for Box Girders 
of Rectangular Cross-section 
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CHAPTER FIVE 
EQUIVALENT BEAM ANALYSIS OF THIN-WALLED BEAMS 
5.1 INTRODUCTION 
This Chapter is devoted to developing a beam element which 
fully considers the structural effects associated with thin-walled 
single cell box spine beams. For complex arrangements of these 
girders, the best generalised method of analysis is one in which the 
structure is envisaged as an assembly of elastic structural members 
connected together at discrete points. 
A method of elastic analysis is developed, based on the 
stiffness approach, which is suitable for rapid solution by computers. 
It is equally applicable to both straight and curved thin-walled beams 
and is an extension of the work by Waldron [52]. In addition to the 
four degrees of freedom system developed previously to consider moment, 
shear, pure torque and warping torsion, two more degrees of freedom 
have been incorporated in the formulation to account for the 
distortional effects. The additional degrees of freedom are 
designated as distortional angle and the rate of distortional angle. 
The stiffness method adopted makes use of discrete beam elements and is 
thus applicable to structures incorporating features such as changes of 
section, complex system of loading and support curvature, skew and 
other irregularities. 
Although the method is a continuation of previous work [52], 
all the algebraic expressions derived for the torsional warping stress 
resultants are also presented for completeness. 
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5.2 'lexibility and Stiffness Approaches 
Two matrix methods are available for the analysis of 
indeterminate systems in which the structure must first be idealized as 
an assembly of end-connected beam elements. These are the flexibility 
(or compatibility) method and the stiffness (or equilibrium) method. 
These methods of analysis are fully described elsewhere [31]. 
However, the essential theoretical difference between these is the 
order in which the conditions of joint compatibility and equilibrium 
are applied. In the flexibility method, the redundant structure is 
first converted into a statically determinate structure by applying 
sufficient imaginary releases to the nodes. It now becomes possible, 
from the equations of equilibrium, to express the end-forces of all the 
individual members in terms of the end-loads which comprise the 
redundant internal forces and the applied loads. The application of 
the- compatibility condition then yields a unique solution for the 
redundant forces. Subsequently, by back substituting these into the 
equilibrium and compatibility conditions, all the remaining end-forces 
and the joint displacements are found. Thus, the major requirements 
of this method is the determination of the general relationship between 
member end-loads and the corresponding end-displacements. For the 
member fully fixed at end 1 this load/displacement reltionship at end 2 
may be expressed as 
{e2} _ [F] {p2} 5.1 
where {e2} and {p2} are the vectors containing the displacement and 
load terms corresponding to n degrees of freedom; [F] is the nxn 
matrix generally referred to as the flexibility matrix. 
In the stiffness method, the main requirement is also to find a 
relationship between the end-forces and corresponding end-displacements 
for each individual member. In this case, however, the displacements 
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are considered to be the basic unknowns and the relationship may be 
expressed in the following form 
{p} = [K] {d} 5.2 
In this expression {p} and {d} are the vectors containing force and 
displacement terms at both ends of a member, and [R] is called the 
stiffness matrix. Before conditions of compatibility are introduced, 
the end-forces and end-displacements must first be described in terms 
of a fixed global co-ordinate system. The individual member end- 
forces now are combined, in such a way as to satisfy conditions of 
equilibrium at each node. In this case, there will be one equation 
for each component of joint displacement (degree of freedom). ' Here, 
unlike the flexibility method, once the geometry of the structure has 
been-input, together with the dimensions and elastic properties of the 
elements, the method is entirely automatic. On the other hand, in the 
compatibility method, the number of equations is equal to the number of 
redundant forces. In most cases of spine beam construction, these are 
considerably fewer than the number of degrees of freedom. However, 
with the capacity and speed of modern computers, solution of a large 
system of equations is a relatively trivial part of the complete 
analysis and the automatic procedure of the stiffness method has become 
more attractive to use. 
It is possible to obtain the member stiffness matrices directly 
by integrating the appropriate differential equations associated with 
bending, mixed torsion and distortion. However, it is very difficult 
to obtain the solution in explicit form and an easier approach has been 
adopted here in which the stiffness matrix is obtained by numerically 
inverting the flexibility matrix obtained previously. 
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5.3 Total Strain Energy 
The concept of total strain energy may be used for the 
evaluation of the flexibility matrix. The total strain energy, U, 
stored in a loaded beam subject to a generalised state of "direct 
stress, shear stress and transverse bending action is given by: 
U= 
zi. 
Q2 T2 1 
2E + 2G +2 Kd Yd 
) . dA . dz 5.3 
If bending about the vertical axis is neglected, it follows from Eqns. 
3.1,3.2,3.20,3.26,4.20 and 4.38 that the distribution of direct and 




zX ýý zW 
V. Sx T 
T= `6 a. zX ' a. sý 
D'. S. r w_w 
ö. Iw S. IW 
5.4 
5.5 
By introducing the various stress components from Eqns. 5.4 and 
5.5 into Eqn. 5.3 and integrating over the cross-sectional area, 
the total strain energy for a deformable box spine beam may be 
expressed in the following form: 
U= M2 2E. I 
2 







2E. IA + 2E. IW 
T. B 
G. I 
I B' 2 
d 
. dz 5.6 
in which use has been made of the definitions of the various sectional 




component of strain energy associated with frame action has been re- 
expressed using 
ti 
D" (z)= Kd . Yd(z) 5.7 
so that the distortional term has the same form as the other 
components. It should be noted that, in deriving Eqn. 5.6, the 
effects of shear deformation associated with vertical shear and 
distortion have both been neglected. 




Figure 5.1 The Circular Curved Girder Subjected to End Loads 
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Consider the circular curved girder shown in Fig. 5.1 fully 
fixed at end 1 and subjected to a system of end-loads at end 2 
corresponding to the number of degrees of freedom. 
From the conditions of equilibrium, the stress resultants M, T 






± T2 sina + V2r sina 
+ M2 sina + 'T2 cosa ± V2r (Cosa - 1) 
V2 } 5.8 
The distribution of torsional bimoment has been derived in Eqn. 
3.46 in terms of the unknown forces at end 1. By putting z-0 in the 
above equations, we have 
M1 = M2 cose ± T2 sine + V2r sine 
T1 = + M2 sine 
V1 = V2 
+ T2 Cosa 
+ 
V2r (cosß - 1) } 5.9 
On the other hand, from Eqn. 3.46, the torsional bimoment at end 2 can 
be written as 
B2 = cosh kk . gl +u 
sknh kß T1 
a +rM 
Jkp Binh kra . da 5.10 
0 
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which, by rearranging and using the expressions for M and T1 from 
above, yields the following expression for the fixed-end torsional 
bimoment B1 in terms of the applied end-loads only: 
B1 = 










2 SH . SH ," r 
[krc 
CH + S' n kr CH 
ý2 
1 
+ CH B2 
where the dimensionless parameter, n, is defined here by 
Ti 
1 
1+ k2. r2 
5.11 
5.12 
The abbreviations used above and in the rest of this Chapter have been 
introduced for clarity and are all given in Table 5.1. 
The general expression for the torsional warping bimoment (Eqn. 






cos (a-u) ± T2 sin(a-u) 
0 
+ V2r sin (a-u) 
1 
sieh kr (a-u) . du' 5.13 
By introducing the appropriate terms from Eqns. 5.9 and, 5.11 and 
evaluating the integral, the above equation takes the form: 
92 
B=+ unr (c-ch) ± cHr (krS-SH) sh M2 
+- unrs -u 
(Tn) 





sh 1 V2 
+ ch - 
CH 
sh B2 5.14 
By differentiating Eqn. 5.14 with respect to z and remembering that dz 
- r. da - -r. dä, an expression for B' may also be obtained: 
B' _; + un (s+krsh) ; 
'kiin (krS-SH) ch M2 
.ý unc 
+ u(1-n) CH ch 1 
+ý±I( Unrc + CH 




The distortional stress resultants D and D" have to be obtained in a 
similar way. These are also written in terms of the initial forces at 
end 1 which can be determined from Eqn. 5.16 which are obtained from 
Table 4.2 noting that Ydl Yd1 -0 at the built-in end. 
D2 = F1(arß) ý1 +ý F2(arß) Mdl 
ý 
ß 
a1 (p =) F2(ara) . da 
0 









After introducing the expression for M from Eqn. 5.8 and integrating, 
the two unknown initial parameters D1 and Mdl are determined from the 
above simultaneous equations, thus: 
2 
D1 = XA1 M2 C 
+ T2 
-P F1(+CX1+SX2± 33) n 4a r 














p F1(-SX3+CX4- 1 4 n 4X r 
+ D2 ( aF1 ) 
+ Md2 ( -F2 ) 















4a 4r4) n 
+ D2 ( 4X F4 ) 





where all the abbreviations used here are given in Table 5.1 and the 






A1 = cosh 
2(Arß) 
+ cos2(arß) 
The general expression for D and D" can now be obtained by introducing 
D1 and Mdl from Eqns. 5.17 and 5.18 into the appropriate equation given 
in Table 4.2: 
D(z) = F1(ara) D1 +ý F2(ara) Mdl 
a 
ý 1( M2 COS ($-U) ± T2 sin U-0 
0 
+ V2r sin(ß-v) 
giving 
D= M2 t 
) F2Xr(a-v) du 
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Consider the straight cantilever girder shown in Fig. 5.2. 
The various stress resultants M, T and V at a distance z from end 1 are 
obtained directly from the equilibrium conditions in the following way: 
M= M2+V2. z 
T= T2 
V= V2 
From Table 3.1, neglecting the last column, the, torsional bimoment at 
end 2 can be obtained from 













Figure 5.2 The Straight Girder Subjected to End Loads 
Using B1 obtained from Eqn. . 
5.23, and noting that T1 = T2, the 
distribution of torsional bimoment may be expressed in terms of the end 




sinh k(R-z) B 




By differentiating this with respect to z, we then have 
sinh kz 
_ 





With reference to Table 4.2, the various distortional stress resultants 
may be obtained first by finding the initial parameters at end 1. 
These can be found from the following set of equations similar to those 
derived previously for the curved beam analysis at z-R, thus 
D2 = F1 iaý. i D1 +ý P'2 (ý! ý) Mdl 
5.26 
Md2 = -4a F4 (X Z) D1 + F1 (X k) Mdl 
which gives the following expressions for D1 and Mdl in terms of the 
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Substituting D1 and Mdl from Eqns. 5.26 and 5.27 into the general 






8X (FF+ 4F .F)D Al 3' 1442 
+Ä( F3. F2 - F4. F1 ) Md2 
1 
5.30 
5.5 Flexibility Matrix 
All the stress resultants considered in the total strain energy 
expression (Eqn. 5.6) have now been presented in terms of the applied 
end 2 load system and may be summarized in the following way: 
c11 c12 c13 c14 c15 c16 
c21 c22 c23 c 24 c 25 c 26 
c31 c32 c33 c34 c35 c36 
c41 c42 c43 c44 c45 c46 
D 
of 
c51 c52 c53 c54 c55 c56 
c61 c62 c63 c64 c65 c66 
or, more simply, as 









in which [C] is a connection matrix comprising all the coefficients of 
the end-loads in the stress resultants formulae. For instance, in the 







c=-u sinh k(R-z) 
32 k cosh kt 
c= cosh kz 34 cosh kß 
c= cösh k(ß-z) 
42 cosh kk 
c=k sinh kz 
44 cosh kt 
2(F 
.F+ 4F .F) c55 A1 1124 
C56 = a2A ( F2"F1 - 
71. F2 a 
1 
8a2 c65 T, F3. F1 + 4F4. F4 
ý66 = AX 
( F3"F2 - F4. F1 ) 
1 
) 
With the total strain energy now expressed in terms of the end-load 













fil f12 f13 f14 fi5 f16 
f21 f22 f23 f24 f25 f26 
f31 f32 f33 f34 f35 f36 
f41 f42 f43 f44 f45 f46 
f51 f52 f53 f54 f55 f56 
f61 f62 f63 f64 f65 f66 
5.32 
101 
where fmn(m - 1,6; n-1,6) are typical flexibility influence 
coefficients given by 
fmn 
a 2U 
P 2m* 3P 2n 
5.33 
After expressing the stress resultants {p 3 in terms of the end 
loads {p2} and connection matrix [C], a general equation is obtained 
for the derivation of individual flexibility coefficients in the form 
fmn fc c lmc in + ý2mý2n + ý3mý3n +c 4mc 4n E IX G1dE Iý> uG Id 
c 2m c 4n 
_cc 
2n 
G Id G Id 
+ 
ýSmýSn 
+c 6mc 6n l dz 5.34 E IW RJ. 
d 
The flexibility coefficients can thus be obtained by 
substitution of the individual connection matrix coefficients from Eqn. 
5.31 into the above expression and then integrating over the entire 
span length. However, due to the extreme complexity of the individual 
coefficients in the connection matrix for curved beams, a solution in 
explicit form for the flexibility matrix is difficult to obtain and is 
best derived numerically. In the case of straight beams, the 
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In these expressions the constants Aab are given by 
All F12(Az) dz = FX- 
[F2(2xL)+sinhc2Az)sin(2xz)+2xt1 
r 
A22 =1 F22(az). dz = 16A 
[sinh(2x)-sifl(2xL)+2F4c2xL)] 
ß 
A33 =J F32(Az). dz = 32A [sithC2AL)+Sin(2XL)_F2(2XL)_2XL] 
£r 




A12 =1 F1(Az)F2CAz). dz = 16A 
[2F3(2XL)+cosh(2x-cos(2Afl] 
A34 A34 =J F3 (Az) F4 (. Az) . dz = 64A 
[coshC2XL_cos2x_2P3CAL] 
A14 = JF1. xzF4cxz. dz = 32a [3-F12AL-cosh(2XL)-cos(2XL)] 
0 
It can be seen that the terms associated with the distortion of the 
cross-section are much more difficult and tedious to find than the rest 
of the terms in the flexibility matrix. Therefore, in the computer 
program described in 6.2, the distortional terms for the straight 
member have also been calculated numerically. 
Furthermore, it is apparent from the flexibility matrix for the 
straight beam that the basic structural actions associated with thin- 
walled girders do not interact and then effects of bending, torsion and 
distortion can be analysed in isolation and superimposed at the end to 
provide the final states of deformation and stress in the beam. 
However, this is not the case for curved members and, apart from a few 
zero terms in the flexibility matrix, the remaining terms are very 
complicated, resulting from both the interaction of bending and torsion 
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and the interaction of the radial forces due to bending on distortion. 
This last feature has the effect of modifying all those flexibility 
terms associated with bending, "torsion and shear of beams of rigid 
cross-section derived previously by Waldron [52]. 
5.6 Stiffness Matrix 
A relationship may be established between the end-loads 
{pl), Cp2} and end-displacements {di}, {d2} of the element shown in Fig. 
5.3, in the following form: 





in which the various elements of the stiffness matrix are defined in a 
local co-ordinate system and depend on the geometry of the member and 
its material properties. In Eqn. 5.36, the member stiffness matrix 
has been partitioned into four 6x6 submatrices. 
{pl} {p2} 
12 
Figure 5.3 Basic Load System for the EquiZibrium Method 
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Furthermore, it is also possible to connect {pl) and {p2} by 
using the equations obtained previously in this Chapter for the fixed- 
end forces of end 1 in terms of the end 2 loads. Some modifications 
are necessary, due to the fact that it is no longer correct in the 
general stiffness approach to assume that f'1 = Ydl = Ydl =0 as is 
the case for the cantilever girder. 
Accordingly, it can be shown that the end-forces {pi} and {p2} 
can be connected in the following way: 
{p1 } + ýEý {p2} - (Al {d1} = 0 5.37 
where matrix (A] is a symmetrical matrix corresponding to the 
modification needed for the terms associated with f'1' Yd1 and Yd1 and 




















The term [E] in Eqn. 5.37 is the equilibrium matrix which is also 6x 
6, its terms have been found previously in Eqns. 5.9,5.11,5.17 and 
5.18 for a curved member. For the straight member, the equilibrium 












0000 AA1 F 
0000 ÄXF4 F 
11 
Now consider the girder shown in Fig. 5.4(a) fully fixed at end 1 and 
subject to end-forces fp1} and fp23. The system undergoes end- 
displacements equivalent to fd13 -0 and (d23 - (e2) where fe2) has 
already been defined in Eqn. 5.1. If a system of rigid body 
displacement [di) and [d2) is superimposed on the member, as indicated 
in Fig. 5.4(b), it can be seen that (pl) and [p2) cannot remain in 
equilibrium if [di) contains non-zero values of fl, y 1, Ydl' 
Assuming (p2) to be unchanged, the force vector at end 1 then becomes 
[p13-[A][di) and since zero total work is done, it follows that 
{pl}T- {dl}T [A]T ) '{dl} + {p2}T {d2} =0 5.40 
Together with Eqn. 5.37, this expression results in a simple 
relationship between rigid-body end-displacements, thus 
{d2} _ [E] 
T {dl} 5.41 
Clearly, the general displacement vectors (d1) and {d23 in Eqn. 5.36 
include both elastic deformations and rigid-body displacements, whence 
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{dl } 
{a2} = {a2} + {e2} 
5.42 
Eliminating [d1*3 and fd2} from Eqns. 5.41 and 5.42, a further 
expression is obtained for Ce2): 
{e2} = {d2} - [E1T {d1} 
(a) Displacements of End-loaded Cantilever Beam 
fb1 Rigid-body Displacements 




This expression provides a measure of the amount of elastic strain 
associated with any orbitrary end-displacements Ed13 and Ed23. If 
{e23 is zero, then (d1) and Ed23 satisfy Eqn. 5.41 and represents 
purely rigid body displacements. Substituting (e23 from Eqn: 5.43 
into Eqn. 5.1, and making use of Eqn. 5.37, gives 
{pl} = [E] CFJ-1CE. ]T {d1} - [EJ [F]_1 {d2} + [A] {dl} 
{p2} = _[F] -1[E] 
T {d1} + [F] -1 {d2} 
5.44 
Comparing Eqn. 5.44 with Eqn. 5.36, the general expressions for the 
member sub-matrices are found, thus 
ýK11] - [E] [F]-1 CE] T+ [A] 
ýK12ý =- [E] [F] -1 
IK213 _- [F] -1 [E] 
T 
- ýF] -1 [K221 
I 
5.45 
Since the flexibility matrix [F] is symmetrical, it follows 
that [K11] and {K22] are symmetric and that [K21] s [K12]T. To obtain 
the sub-matrix [K11first [E][F]-1[E]T must be obtained in the normal 
way and then modified by adding to it the appropriate terms from matrix 
[A]. However, in practice, this has the effect of making [K11] and 
[K22 ] identical apart from the signs of the off-diagonal elements. 
5.7 Assembly of the System Stiffness Matrix 
For the purpose of assembling the structure stiffness matrix 
from the individual member stiffness matrices, it is necessary to 
define a common system axis, here denoted x and I. So far, all the 
forces and displacements have been established with reference to local 
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Figure 5.5 Definition of Alternative Curvatures in System Axes 
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member co-ordinate systems (xl, z1 and x2, z2), defined by the 
orientation of the member ends. 
In the case of straight members, both the local and system axes 
coincide and the transformation is simple. However, for -curved 
members, not only does the angle of deviation between axes differ at 
each end but the 'direction' of curvature is also important. The 
system axes and the direction of the positive rotation are defined in 
Fig. 5.5. Load and displacement vectors may now be expresses in system 
co-ordinates as 
{P1 [T11 {pl} 
}_ [T2J {p2} } 5.46 {P2 
and 
{d1 }= [T11 {d1 } 
{d2} IT 21 
{d2} 
5.47 
where the transformation matrices [T1] and [T2], corresponding to end 1 
and end 2 respectively are given by 
cosý siO 0000 










cos (*±ß) sin(*±ß) 0000 





By substituting for {p13, {p23, (d13, (d23 from Eqns. 5.46 and 5.47 into 
Eqn. 5.36, the basic stiffness relationship may be re-expressed in 








[T1] [K123 CT2] -1 




f [T1] [K11] [T1] -1 
L [T21 [K213 [Tl]-1 
which can be written more simply as 
{j i} = [T] [K] [T] T {d }_ ýKý {d } 
d2 
5.50 
In Eqn. 5.50 use has been made of the orthogonal nature of the 
transformation matrices [T1], [T2] and the member transformation matrix 




The overall stiffness matrix of the complete structure may now be 
formed from the stiffness matrices of the individual members. To 
carry out the assembly, two conditions have to be satisfied, namely, 
compatibility ' and equilibrium conditions. First, the end- 
displacements are expressed in terms of the n nodal displacements. 
For the six degrees of freedom system considered in this work, the 
total number of compatibility conditions will be 6n. Joint 
equilibrium is then ensured at each node by equating all the member 
end-forces and the external loads. This results in 6n 
load/displacement relationship, which may be written more simply as 
{ps }_ [KS] 
S) 
5.52 
in which the overall structure stiffness matrix, [RS] is a 6n x 6n 
symmetrical matrix, consisting mostly of elements concentrated in a 
narrow band around the leading diagonal. 
However, it is still not possible to find a solution for the 
joint displacements Cds) from Eqn. 5.52 as it stands. This is because 
[R is singular and cannot be inverted in its present form. This 
singularity is due to the fact that no account has been taken of the 
support restraints and an infinite number of rigid body 'displacements 
are: possible without violating the force/displacement expression given 
in Eqn. 5.52. 
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It is apparent from the transformation matrices given in Eqn. 
5.48 (a) and (b) that, apart from the two rotational terms about the 
two orthogonal axes 6,4, the remaining terms are unaltered when 
transformed into system co-ordinates. It becomes possible to restrain 
these deformations at a node by removal of the appropriate row and 
column from Eqn. 5.52 in the usual way. For the two rotational 
components, the procedure is not as straightforward since, in the 
assemblage of circular curved girders, rotation is commonly restricted 
about a local member axis (e. g. torsional restraint) which, in general, 
does not coincide with the system axis. 
Consider a node where the local member axes x, z are separated 
from the system axes x, z by the angle a. The relationship between the 
corresponding flexural and torsional rotations 0, $ 
written as 
Cosa sins 6 
-sins Cosa 
and e, can be 
5.53 
For a beam torsionally restrained in the local co-ordinate system 
(0 - 0), the above expression reduces to the form: 
6= -ý. cota 5.54 
This restraint may be accommodated by first multiplying each term in 
the column corresponding to 6 of the structural stiffness matrix [Rs] 
, 
by -cots. This is then added to the adjacent coefficient associated 
with the rotation T. It is then possible to completely remove the 
. original column from 
[Rs] together with the term 8 from Cds). 
'Furthermore, the corresponding terms in the row of [Rs] and {psi must 
now be similarly modified, to restore the symmetrical nature of the 
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stiffness matrix. However, it should be noted that the factor -cots 





and, in these circumstances, the inverse of Eqn. 5.54 has to be used 
which means altering and removing the column and row associated with 
instead of 
Having specified all the boundary conditions, a solution can be 
found for the remaining displacement terms in {dg3 from 
{ds }= [KS]-' {ps } 5.55 
Unknown values of 9 or for each rotational restraint can subsequently 
be found from Eqn. 5.54. Substitution of these displacements enables 
all of the member end-forces to be determined by using Eqn. 5.50 in 
system co-ordinates. 
5.8 Fixed-End Forces due to Uniformly Distributed Loading 
In matrix analysis, only beams loaded at the nodal points can 
be considered. As a result, uniformly distributed loading can be 
approximated by using a large number of beam elements and replacing the 
distributed load with equivalent sets of concentrated loads applied at 
the nodes. Alternatively, it may be represented directly by 
equivalent fixed-end forces due to a uniformly distributed loading 
applied to the fully fixed girder. This latter approach has been 
considered here since, in the first method, the size of the analytical 




Consider half of the circular curved girder shown in Fig. 5.6, 
21 = 2rß 
Figure 5.6 The Circular Curved Member Subjected to Uniformly 
Distributed Loads p, t, and 
of total arc length 2rB, built-in at both ends and 'subjected to 
uniformly distributed shear, torsional and distortional loading. The 
beam is first analysed assuming that the cross-section of the girder 
remains rigid and distortion does not take place. Later, the girder 
is analysed separately for distortion and all the remaining fixed-end 
forces and stress resultants are found. 
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The expressions for the first stage have already been derived 
[52] and are presented here as they are needed for the derivation of 
the formulae for the second (distortional) stage of the analysis. 
In the first stage of the analysis, it is possible from the 
conditions of equilibrium to express the various stress resultants at 
point z- ra in terms of the applied loading and the two non-zero terms 
M2, B2 at the midspan (noting from conditions of symmetry that 




T- _f.. ___9 -. \_"ý. 
ýý L "JO 
I= +1M2 - pr- + 'cri sina + pr`a 
V= prä 
from which, by putting ä-ß, the fixed-end forces are obtained thus 
M1 = (M2 - pr2 + tr)C + (pr2 ± tr) 
i S S7 )Jý. / / 
T1 = : F(M2 - pr" T tr)S + pr` 
V1 = prß . 
By substituting the expressions for M and T1 from Eqns. 5.56 and 5.57 
into Eqn. 3.46 for z=R, B1 can be obtained. By back substitution of 
this into Eqn. 3.46, a general expression for the torsional bimoment 
may be found. The longitudinal distribution of B' may also be found 
by differentiating B with respect to z. Thus 
B- (ch - CH sh)B2 ± urtr((krS -SIi)ýH + 
(ch-c) ) (M2 - pr2 ;: tr) 
ý 
u( Bkrsh + C17, - 
SH 
sh -1) k CH CH 
B' _ (ý ch-sh)kB2 + . unkr((krS-SH)CH + 
(kr + sh)) (M2 - pr2 $ tr) 
+ p2r ( 
ßkCHh 
+ sh -ý ch ) 
_ (M2 - pr2 '+ tr) cosä + (pr2 ± tr) 
5.58 
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From conditions of symmetry, both the bending rotation 













where U, the total strain energy of the non-deformable beam, is given 
by 
L 
M2 B2 T2 B'2 
_ 
T. B' 1 [2. 
EI, ý 2EIW + 2GId t 21tGId GId J 
0 
. dz 5.60 
After introducing the various stress resultants from Eqns. 5.56 and 
5.58 into the above expression for strain energy, two simultaneous 












'ßC' krCH + 















In the above expressions j is the torsion/bending stiffness ratio and 
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The two unknowns, M2, B2, can now be evaluated from the two simultaneous 
equations given above. First, by eliminating B2, this enables M2 to 
be found in explicit form, thus 
( M2-pr2+tr) = 
+ trSj2-pr2[S (j2t1-unßkr" 
SH )+ Cß(un-1)] 
2(j2t1-un)t S2 [j2-1-un(2n-3)] -un(1-n)krS2" 
SH 
5.63 
Substitution of this into either of Eqn. 5.61 provides a solution 
for B2 which, due to the complexity of the statement, is best derived 
numerically. Having found a solution for M2 and B2, the distribution 
of the various stress resultants and also the fixed-end forces 
associated with uniformly distributed loading may be determined. In 
particular, the fixed-end torsional bimoment is given by 
Bl ± SH 
(krSCH-CSH)(M2-pr2Ttr) ± pr2k--ýrsx (krOCH-SH) 5.64 
In the second stage of the analysis, due to symmetry of the structure, 
the distortional warping displacement and distortional moment are also 
zero at mid-span. After introducing the expression for M given in 
Eqn. 5.56 into the appropriate equations given in Table 4.2 and 
integrating, the two conditions may be written as 
I 
Yä2 =0 = -a F2 D1 - F3 Mdl + mä h F4 











Md2 0 -4X F4 D1 + F1 m dl - md X F2 






The fixed-end distortional bimoment and moment at end 1 can now be 
evaluated by solving the two simultaneous equations above which, 
much simplification, reduce to. 





+ (. M2-pr2+tr) 




(Prtr) PF1 Ar + PF3 ar 
] i 5.66 
+ GM2-pr2+tr) 





Xr PF2 ar, 
5.67 
sin(. ar6)cos(. arß) + sinh(arß)cosh(Xrß) 5.68 
By using D1 and Mdl from Egns. 5.66 and 5.67, the distributions of 
distortional bimoment and distortional moment are obtained from Table 
4.2, thus 
120 
l3 ()ýra) D= Fl (. 





+ýJ [(n2_pr2tr)cos(_u) + (pr2+tr) 1 F2 [ar (a-v)]. dv 
0 




+ýf (M2-pr2+tr) 1( CX1+SX2- 
4X 3r3 Ln 
+ (pr2±tr) 
and 
Md = -4X F4 (Ara) D1 + F1(Ar(y) Mdl - xd F2 
(Ara) 
1[(M2_pr2trcosc_u 
+ p) + (pr 
±tr)1 F1 [a r (a-v)1. dv 
_-4A F4 . D1 + Fl . Mdl - aa F2 
+pI -pr2+tr) 
1( 







In the case of straight girders, flexural action no longer has 
an effect on the torsional and distortional stress resultants. The 
fixed-end torsional bimoment can be obtained in one of two ways: (a) 
by putting M2 -p-0 in Eqn. 5.64 and passing to the limit r+- ; or 
(b) directly from the expression given for f' in Eqn. 3.45 by putting 
f2 - 0, thus 
a= ut (1- k2 1 k2 tanh kR 
ý 5.71 
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This result is confirmed by Khan and Tottenham (21]. 
The fixed-end distortional bimoment and moment can be found 
similarly by neglecting the effects of curvature in the appropriate 
equations. By putting Yd'- Md -0 at mid-span, these yield the 
following expressions: 
md ( F1F4 - F2F3 
D1 
X 2' ( F1F2 + 4F3F4 
and 
md ( 4F42 + F22 
Mdl a( F1F2 + 4F3F4 
in which it should be noted that 
F1F2 + 4F3F4 =2 A2 
5.72 
5.73 
The above expressions for D1 and Mdl can be shown to be numerically 


























































































TäbZe 5.1 Abbreviations Used in the'Equations 
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CHAPTER SIX 
APPLICATION OF THE PROPOSED METHOD 
6.1 Introduction 
The objectives of this Chapter are first to demonstrate that 
the BEF analogy has been correctly formulated in the stiffness approach 
and, secondly, to compare the present analytical method to other well 
known methods and some experimental studies. previously, reported. 
Finally, the importance of the distortional warping stresses compared 
to bending stresses has been investigated. This study is based on the 
range of idealised sections previously identified in § 4.9 as being 
typical of box girder bridges found in practice. 
The computer program developed to analyse thin-walled beam 
structures by the equivalent beam method is briefly described and then 
used to analyse different cases of box beam configurations. 
6.2 The Computer Program 
The stiffness approach adopted in the previous Chapter is 
essentially a computer-based analytical method and is unsuitable for 
hand calculations even for simple structural configurations. A 
computer program WARPIT [56] exists which has been developed for the 
analysis of thin-walled beams with rigid cross-sections including the 
effect of torsional warping restraint. This has been modified and 
extended by adding two extra degrees of freedom to account for 
distortion of the cross-section. 
The structure of the shell program WARPIT was first modified to 
accommodate the six degrees of freedom system. The distortional terms 








alculate pe 7p ý 




End Loadz due to 
UDL(I) 
Invert KS 
Figyre 6.1 Flow Chart for the Computer Program WARP! 
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r alculate Messer 
tiffness Matrix 
K 
Add to KS 
Modify ICS 
for Restraints 
chart describing the computer program is given in Fig. 6.1. Tho 
program language is Fortran 77 and consists of seven major subroutines 
each carrying out one or more of the computational steps identified in 
Fig. 6.1. 
As a first step, the program makes use of a subroutine to read 
the various input data which identify the geometry of the structural 
idealisation and the associated material properties. These are 
reiterated as part of the output data as a check, an example of which 
is shown in Appendix A. The input data can be stored and subsequently 
used for any additional load cases. The program then proceeds with 
the next subroutine which assembles the member flexibility matrix, 
transformation' matrices and the equilibrium matrix for each member to 
be determined. The flexibility coefficients are evaluated numerically 
using Simpson's rule with very fine divisions (1000 per member). The 
member stiffness matrix is then derived in accordance with J 5.6 for 
each member and these are then assembled into the system stiffness 
matrix and stored in half-banded form. In order to make the system 
stiffness matrix non-singular, appropriate rows and columns are removed 
or modified in order to take account of the various system restraints. 
This modified stiffness matrix is then inverted to yield a solution. 
The program permits two types of load to be applied to the 
structure: (i) concentrated loads at the nodes; (ii) uniformly 
distributed loads between nodes. The fixed-end forces due to the 
uniformly distributed shear, torsional and distortional loads are found 
in a special subroutine which calculates them in accordance with the 
equations derived in J 5.8. The fixed-end forces-are then transferred 
into system co-ordinates and applied as nodal 'forces. When the 
assembly of the system load vector Cps} due to system point loads and 
uniformly 'distributed nodal force'resultants is complete, removal 
or modification of the necessary terms to account for various system 
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restraints can take place. By multiplying the resultant load vector 
1 by [KsJ ,a unique solution is obtained for the vector of system 
deformations. The individual terms from this vector may then be 
substituted back into the transformed member load/displacement 
equations to provide all the unknown member end-forces. 
In order to be able to use long beam elements in the 
idealization of the structure, a further subroutine has been included 
in the program which calculates the various stress resultants at any 
number of intermediate positions between the nodes. 
Apart from the initial structural idealization input, the 
output contains the following data for each load case: 
1. joint deformations (in system coordinates) 
2. joint forces (in local coordinates for each member) 
3. system restraint forces 
4. distribution of forces along each member (if NS # 0). 
An example of these data is given in Appendix A. 
6.3 Numerical Examples of Single-cell Box Girders 
The proposed equivalent beam method is examined here: (i) to 
verify the inclusion of distortional effects based on the BEF analogy 
in the element formulation and computer program; and (ii) to compare 
the results with some of the reported studies of single-cell box beam 
models. 
6.3.1 Straight Cantilever Box Beams 
In order to verify the distortional formulation incorporated in 
the flexibility and stiffness matrices, consider the basic system shown 
in Fig. 6.2. The cross-section of the beam is identical to the 
example given by Maisel and Roll [35], but here the beam is fully fixed 
at one end and free at the other. The span is 15 m and at the tip a 
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E= 34.5 KN/MM 
v=0.15 
1000 KN 
'I ý ý 15 m 










4000 1 2000 
1500 
(b) Cross-section ( Dimensions in mm ) 
Figure 6.2 Loading and Geometry of the Straight Beam 
concentrated load of 1000 kN has been placed eccentrically over one 
web. The equivalent beam method with only one beam element was used 
to obtain the deformation and stress resultants at the two ends. A 
list of the distortional input data is given in Table 6.1. 
properties 
EI- - 3.4945 x 1019 kNmm4 w 
Rd - 1.942 x 105 kN 
loading Md2 =1x 106 kNmm 
restraints Ydl Ydl -0 





Results for the two ends given in Table 6.2 are identical to 
the results obtained from the expressions given by Hetenyi [18] for an 
identical configuration of a cantilever beam on elastic foundation with 
concentrated force at the free end. 
node 1 node 2 
Yd 0 0.1959 x 1C2 
Yä(mm 
1) 0 -0.3752 x 1Ö-6 
D (kNmm2) -P. 4067 x 109 0 
Md(kN. mm) 0.2113 x 106 0.1 x 107 
Table 6.2 Results from the Equilibrium Analysis 
6.3.2 A 
. 
Straight Box Beam Subjected to Eccentric Loading 
Consider a box beam with similar cross-section, as in the 
previous example (Fig. 6.2(b)), with a span length of 30 m, under the 
following alternative conditions: 
(i) simply supported with eccentric point load at midspan; 
(ii) simply supported with eccentric uniformly distributed 
load; 
(iii) fully fixed with eccentric point load at midspan; 
(iv) fully fixed with eccentric uniformly distributed load. 
The equivalent beam method was used with two or three nodal points 
depending on the loading arrangement, but using the option available in 
the program of obtaining many intermediate values to describe the 
distribution of the various stress resultants. The input data for the 
member properties in all four cases, considering Young's modulus and 
Poisson's ratio of the material to be 34.5 "kN/mm2 and 0.15 




E 13 kN mm 
2 
1) 
- GId - 4.8882 E 13 kN mm` 
EI. - 2.7359 E 19 kN mm 
ju - 0.3652 
EI_ - 3.4945 E 19 kN mm4 
. Rd - 1.9423 E5 kN 
There are no intermediate diaphragms in any of the four beams. 
For the simply supported cases (i) and (ii) diaphragms are located only 
at the two ends and are assumed to offer no resistance to warping. 
However, they are infinitely rigid in their own plane and prevent 
distortion of the two ends. In other words, only v, ¢ and Yd at the 
two ends are zero. For the remaining two cases, where the beams are 
fully fixed at the two ends, the following boundary conditions exist at 
both ends: , 
Ar1- '=Y d =0 
The magnitude of the shear, torsional moment and distortional 
moment for the two eccentric loading conditions considered are as 
follows: 
point load uniformly distributed load 
V- 1000 kN v-0.2 Writ 
T-2 E6 kNmm t- 400 kNmm/mm 
Md -1 E6 kNmm md ý 200 kNmm/mm 
The results obtained for the distribution of torque, torsional bimoment, 
distortional bimoment and distortional moment for the four cases are 
all given in Figs. 6.3-6.6. These results are equivalent to the 
results obtained by solving the appropriate equations given by Maisel 
and Roll [35] which indicates that the formulation and computational 
procedure associated with the distortional effects are correct. 
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(a) Distribution of Torque, T 
I 
(b) Distribution of Torsional Bimoment, B 
- 0.5j 
(c) Distribution of Distortional Bimoment, D 
(d) Distribution of Distortional Moment, Md 
Figyre 6.3 Simply Supported Box Beam Under Eccentric Point Load 
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Eccentric U. D. L 
0.6 x 107 






-0.6 x 10' 
(b) Distribution of Torsional Bimoment, B 






(d) Distribution of Distortionat Moment, Md 
Figure 6.4 Simply Supported Box Be= Under Eccentric UDL 
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Mid-Span Eccentric. P. L 
106 
-106 
(a) Distribution of Torque, T 











Distribution of Torsional Bimoment, B 
(c) Distribution of Distortional Bimoment, D 
(d) Distribution of Distortional Moment, Md 
Figure 6.5 FuZZy Fixed Box Beam Under Eccentric Point Load 
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Eccentric U. D. L 
O. 6x107 
(a) Distribution of Torque, T 
_0.6 x 10 
(b) Distribution of Torsional Bimoment, B 









(d) Distribution of Distortional Moment, Md 
Figure 6.6 FuZZy Fixed Box Beare Under Eccentric UDL 
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6.3.3 Simply Supported Straight Box Beam Example Given by Kristek 
A simply supported box beam was analysed by Kristek (23] as an 
example of his proposed theory based on the folded plate approach. 
. The span of the beam was 262.47 ft 
(80.05 m) and the cross-section was 
rectangular without any side cantilevers, as shown in Fig. 6.7(a). 
The beam was loaded by equal uniformly distributed line'loads at each 
corner (Fig. 6.5(a)) resulting in total uniformly distributed torsional 
and distortional moments of 47124 lb. in/in and 23562 lb. in/in 
respectively. 
This example has been solved using the equivalent beam method 
using two beam elements in order to get the deformations and stress 
resultants at midspan. Young's modulus was taken to be 4500 kip/sq. in 
(31.05 kN/mm2) and Poisson's ratio as 0.15 as in Kristek's example. 
Fig. 6.7(b) shows the shape of the deformed cross-section and the 
corner displacements at midspan; Figs. 6.7(c) and 6.7(d) show the 
longitudinal warping stresses and transverse bending moments 
respectively at midspan. The distribution of the shear stresses 
around the cross-section over the supports is also illustrated in Fig. 
6.7(e). 
The same example was also considered by Mikkola and Paavola 
[37] and Zhang [62] and their results have also been given in 
parentheses in Figs. 6.7(b)-(e) for comparison. However, in their 
finite element idealization, Mikkola and Paavola used 10 elements and 
Zhang used 2 elements for each half of the beam. The agreements 
between the results obtained by the different methods is quite 
satisfactory. The maximum difference between the results obtained by 
the equivalent beam method and the other cases is approximately 4Z. 
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p= 56.1 lb/in 
10 in 
P 










0.049 in ýý 
(0.049,0.0495,0.0513)* 
0.149 il n 
(0.147; 0.1475,0.153)* 
(a) Cross-section and Geometry (b) Displacements of the Deformed 
Cross-section at Midspan 
50.78 lb/sq. in 
(49.3,49.90,52.11)* 
(a), Warping Stresses at 
Midspan (aTW DW) 
6204 lb. in/in 
(d) Transverse Bending Moments 





(e) Shear Stress Over Supports 
lb/sq. in 
43.82 (43.1, -, -) * 
28.54 (27.4, -, -) * 
21.9 (21.5, -, -) * 
30.48 (29.8, -, -) * 
* (Kristek, Mikkola & Paavola, Zhang) 
Figure 6.7 Results of the ExanpZe Given by Kristek [23] 
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6.3.4 Curved Box Beam Example Given by Dabrowski 
The box beam example given by Dabrowski [10] was selected to 
verify that the effect of curvature has been implemented correctly in 
the formulation of the various distortional stress resultants. The 
example is a curved single-span box girder with a constant singly- 
symmetrical section, as shown in Fig. 6.8(a). The span and radius of 
curvature are 90 m and 500 m respectively. Diaphragms are located at 
the ends and third-span points and are assumed to offer no resistance 
to warping. Two separate loading cases were considered: (i) self- 
weight of 35 t/m; (ii) three concentrated loads of 80 t each placed on 
the inner web, as shown in Fig. 6.8(b). Young's modulus was taken to 
be 2.6 x 106 t/m2 and Poisson's ratio as 0.15. 
The distortional angle, distortional bimoment and torsional 
bimoment for the loading due to dead weight as calculated with the 
equivalent beam method using six beam elements are shown in Fig. 
6.8(c). For comparison, the results for the same girder without the 
intermediate diaphragms are illustrated by dotted lines. The results 
obtained by Dabrowski are also given in parentheses in all the figures. 
The cross-sectional distribution of the total longitudinal stresses due 
to dead weight and eccentrically applied concentrated loads are also 
shown in Figs. 6.8(d) and (e) respectively. 
The agreement with Dabrowski's results are excellent in all 
cases. This verifies that the curvature effects in the extra degrees 
of freedom associated with distortion have been correctly incorporated 
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(d) Direct Stress due to Dead (e) Direct Stress due to Point 
Weight at Midspan (t1m2) Loads at Midspan (t/m2) 
Figure 6.8 Results of the Example Given by Dabrowski 1101 
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6.3.5 Cantilever Box Beam Models Considered by Zhang 
These final box beam examples have been chosen to illustrate 
the versatility and efficiency of the proposed equivalent beam method 
for describing the various structural effects of box girder bridges. 
Two of the four models constructed by Zhang (7,62] to verify his one- 
dimensional finite element theory has been used here for comparison. 
The dimensions of the box beam models are given in Fig. 6.9. 
The models, one straight and the other curved in plan, were fully fixed 
at one end and had no diaphragms within the spans. Both models were 
constructed from mild steel plate. The straight model was subjected 
to a pair of equal but'opposite point loads at the free end to form a 
pure torsional load; the curved model was subjected to two alternative 
conditions of concentrated load applied symmetrically and 
assymmetrically at the free end. The straight model was instrumented 
at seven sections equidistant along the beam. The curved model was 
instrumented similarly at three sections, although only results from 
two sections were presented. 
For analysing the curved model, using the equivalent beam 
method presented in this thesis, the girder was divided into three 
beam elements by four nodes placed at the two ends and at 1/8th of the 
arc length from both ends. In the case of the straight model, one 
node was placed at each instrumented section in addition to the two 
ends. The results obtained from the analysis for the distributions of 
longitudinal stress and transverse bending stress were compared with 
those given by Zhang. These are shown in Table 6.3 for the straight 
model and in Figs. 6.10 and 6.11 for the curved model. 
" Zhang has presented three sets of results which have been used 
for comparison. These are from: (i) the experiments; (ii) his own 
one-dimensional finite element method; and (iii) a conventional three- 
dimensional thin shell finite element method. In the analysis of the 
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models, using his proposed one-dimensional finite element method, Zhang 
idealised the straight structure into 8 beam elements with 17 nodes. 
The curves structure was similarly idealized into 17 beam elements with 
35 nodes (i. e. .3 nodes per element). The alternative three- 
dimensional finite element analysis was carried out using the LUSAS 
[33] computer program. Extensional - flexural quadrilateral elements 
with six nodes were used for the idealisation of the boxes. A tptal 
of 160 elements with 330 nodes and 192 elements with 396 nodes were 
used for the idealisation of straight and curved structures 
respectively. 
It can be seen from Table 6.3 and Figs. 6.10 and 6.11 that the 
theoretical values obtained from the proposed equivalent beam method 
are in good general agreement with the three sets of results presented 
by Zhang. In particular, they are in very close agreement with those 
obtained from the three-dimensional finite element solution. This 
indicates that the additional degrees of freedom which represent 
torsional and distortional actions can be presented accurately by the 
thin-walled equivalent beam method presented here. Furthermore, the 
method is economical with respect to both computer time and the 
quantity of input/output data. The structure can be idealised by a, 
small number of beam elements which give results of the various stress 
resultants with sufficient accuracy for the purposes of conceptual 
design, where the overall response of the structure is of primary 
importance. Additional verification for the proposed equivalent beam 








(a) Straight Box Beam Model 
Plan 
300 
















(b) Curved Box Beam Model 
i 
Figure 6.9 Geometry and Dimensions (mm) of the Models Tested by Zhang[62] 
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(a) Direct Stress due to Symmetrical PL at the Tip 
7848 N 
(b) Direct Stress due to Asymmetrical PL at the Tip 
Figure 6.10 Transverse Distribution of Direct Stresses at Section AA 













(a) Transverse Bending Stress due to SyncnetricaZ PL 
at the Tip 
(b) Transverse Bending Stress due to Asymmetrical PL 
at the Tip 
Present Study 
Thin shell Box Element Solution 
Zhang's Solution 
+ Experimental Results 
Figure 6.11 Transverse Bending Stresses at Section BB (Fig. 6.9) of 
the Curved Model 
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6.4 Significance of Distortional Warping Stresses 
In order to determine the significance of distortional warping 
stresses, it is necessary to compare them directly with the direct 
stresses due to bending which is generally the most predominant effect. 
The ratio of the axial stresses due to distortional warping and bending 
for a symmetrical section subjected to loading in the vertical 
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By considering the distribution of axial stresses around the cross- 
section due to the two actions of bending moment and distortional 
bimoment, it is apparent that the geometrical function F must have a 
maximum value at either the bottom of the-webs or the tips of' the 
cantilevers. Values of F have been calculated for the wide range of 
idealised sections previously presented in Table 4.3, for the 
rectangular section shown in Fig. 4.14, and are here presented in Figs. 
6.12 and 6.13 for the two critical positions around the cross-section. 
The values of the function F at the top of the webs is never critical 
but may be obtained by multiplying FC, given in Fig. 6.12, by 0.5 which 
is the ratio of breadth/total width of the cross-section. 
If the two stress resultants M and D at a particular location 
are known, the importance of the distortional warping stresses with 
regard to the bending stresses can now be easily determined. In order 
to demonstrate the method, consider the single-cell box girder, shown 
in Fig. 6.14 (a) and (b). Both ends are fully fixed and the beam is 
subjected to a uniformly distributed load of 50 kN/m applied 
eccentrically over one of the webs. 
The various wall thickness/breadth ratios for this section 
comply exactly with those for section C in Table 4.3. Accordingly, 
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the various values pf the geometrical ratios FC and FB can be found 
directly with reference to line C on Figs. '6.12 and 6.13, 'thus: 
FC - 6.67 /b 
FB - 9.25 /b 
By inspection of the diagrams obtained from the equivalent beam 
analysis for the distribution of bending moment and distortional 
bimoment, shown in Figs. 6.14 (c) and (d), it can be seen that the most 
critical section is at the supports where M- 3750 kNm and D- 
1749 kNm2. At this section the significance of the distortional 
warping stresses with respect to the bending stresses can then be found 
according to Eqn. 6.1, thus: 
at cantilever tip 
and at bottom of web 
a DW D 6.67 1749 
=F. -mx-0.5185 ýBM 0M6.00 3750 
D 9.25 1749 
ý FB .--x-0.719 
M 6.00 3750 
The axial stresses due to distortion are thus equivalent to 52% 
and 72% of those due to bending, at the tip of the cantilevers and 
bottom of the webs respectively. 
It is particularly interesting, at this stage, to investigate 
the change of the distortional warping stresses due to successive 
incorporatin of diaphragms located between supports. Diaphragms are 
assumed to prevent distortions of the cross-section but do not induce 
any warping restraint effects. On the basis of the above example, the 
absolute value of the D/M ratio has been obtained for several 
alternative beam configurations for which different numbers of equally- 
spaced intermediate rigid diaphragms have been introduced. The 
relative values of the D/M ratio vary in accordance with the number of 
diaphragms, as illustrated in Fig. 6.15, and are expressed as a 
percentage of the D/M ratio for the girder with support diaphragms 
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only. It can be seen that, for this particular beam configuration, 
the values of distortional bimoment at the support section decrease 
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Figure 6.15 Influence of the Number of Intermediate Diaphragm, 
on the Distortional Warping Stress at the Fixed End 
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CHAPTER SEVEN 
CONSTRUCTION, INSTRUMENTATION AND TESTING OF TWO BOX GIRDER MODELS 
7.1 Introduction 
The construction, instrumentation and testing of two model box 
girder bridges, each continuous over two spans, are described in this 
Chapter. These tests will provide the additional comparative data to 
check the validity of the proposed equivalent beam method and will be 
discussed in the following Chapter. Since the method is applicable to 
both straight and curved bridges, one model was required for each type 
of structural arrangement. Both models are of identical proportions 
and are representative of single-cell concrete box girder bridges found 
in practice. 
An Araldite casting resin and sand mixture was used for 
construction. Each model was instrumented fully around two sections 
and to a reduced level at three further sections. A total of 376 
electrical resistance strain gauges, 4 displacement transducers and 6 
load cells were used for both models. 
7.2 Choice of Material and Model Proportions 
There are a number of materials which may be used in modelling 
concrete girders for testing within the elastic range. However, for 
this investigation, it was decided to use a sand and Araldite mixture 
for the construction of the models since some experience had already 
been gained in its use by other researchers [4,15]. The major 
advantages of this material are the ease with which it can be mixed and 
cast into the required form, its long pot life and controllable curing 
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time, the stability of its elastic properties and the similarity 
between these properties and the actual values for concrete. This 
last feature ensures that models constructed directly to scale 
represent closely the behaviour of the prototype structure. 
Construction in microconcrete was rejected since the labour involved in 
the construction of a model from reinforced micro-concrete or mortar is 
considerable and it is only justifiable for a study of inelastic 
behaviour up to collapse [12,38]. " Plexiglass was also rejected, 
since it is known to creep significantly at low levels of constant 
load; it is also very sensitive to small changes. in temperature. 
The proportions of both models were chosen to represent those 
of actual concrete box girders. The principal dimensions were 
determined from the graphs and histograms given by Swann (49] in a 
feature survey of 173 concrete box girder bridges. The nominal 
dimensions and general arrangements of the models are shown in Fig. 
7.1. The models simulate a continuous two span box girder bridge. 
The radius of curvature for the curved model was chosen so as to give 
the maximum curvature found in practice for the proportions selected. 
All the strains and stresses due to self-weight and a unit shear and 
torsional load were found by using an existing computer program 
(WARPIT) [56]. This analysis, which considered all the primary 
structural actions with the exception of distortion, assisted in 
determining the level of load that could be applied in the tests before 
the limit of proportionality was reached. 
7.3 Fabrication of the Sand/Araldite Models 
7.3.1 Fabrication of a Trial Model 
Before constructing the main models, - a small additional trial 
section was manufactured to provide useful experience in the use of the 
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(b) Plan View of the Straight Model 
(c) Plan View of the Curved ModeZ 
Figure 7.1 Nominal Dimensions of Both Models (in mm) 
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sand and Araldite mixture. The trial section, comprising a small 
channel section with an end diaphragm of similar proportions to those 
of the main models, has the dimensions shown in Fig. 7.2(a). The mould 
for the trial section was constructed from 12 mm and 18 mm thick 
plywood and 16 swg mild steel strip, in the same way as for the models. 
These materials were chosen-so as to provide a smooth surface to the 
models after release from the mould. 
All the plywood components of the formwork, shown in Fig. 
7.2(b), were polished and varnished prior to assembly. The side 
components of the mould were then held in position on the base by the 
angle sections, also shown in Fig. 7.2(b). The angles were screwed to 
the side components and bolted down to a 18 mm thick base board at 
about 160 mm intervals. To form the flange of the section, plywood 
was placed between the inner'steel strips and seated on spacers. The 
edges of the mould were sealed using masking tape. This was found to 
be unsuccessful and was replaced by plastic insulation tape and silicon 
rubber in later castings. 
The epoxy resin used consisted of three parts: Araldite 
casting resin CY219, a liquid of medium viscosity, hardener HY219 and 
accelerator DY219, both liquids of low viscosity. The recommended 
proportions of these components, by weight, were given as follows: 
Araldite CY219 100 
Hardener HY219 50 
Accelerator DY219 0-10 
The quantity of the accelerator is governed by the element thickness 
and the curing time required. However, in this instance, as the 
amount of accelerator reduces the usable life considerably, it was 
omitted entirely from the models. This provided a useful pot life of 
20 hours and a curing time of 7 days after mixing at room temperature. 
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Leighton Buzzard pit sand (free of clay), passing B. S. sieve no. 18 
(850 um). This was mixed with the resin in the ratio of 4 parts sand 
to 1 part Araldite CY219. The resin and hardener were first mixed 
together before the sand was added. A small electrically-powered 
mixer was used to ensure consistency. 
Before casting, all the surfaces were checked to be clean and 
then coated with a thin layer of Araldite QZ11 followed by QZ19 mould 
release agents. These were to assist with the eventual release of the 
model from the mould. The sand/Araldite mixture was then poured into 
the mould and trowelled in such a way as to ensure air was not trapped 
within the casting. The surfaces were eventually levelled off using a 
steel bar. One tensile specimen was also prepared from the trial mix 
to provide basic information on the material properties. 
Seven days later, the mould sides were unbolted from underneath 
the base and the casting was gently prised off. Due to leakage of the 
resin between the joints of the mould components, the proportion of 
resin to sand in the top surface of the model was found to be somewhat 
reduced. It was also found that it had not been possible to construct 
the trial section to the exact dimensions required. It was therefore 
decided that, after the construction of the main models, all the 
dimensions would be measured at numerous points to enable the average 
dimensions to be determined. 
The tensile strength of the material for this trial mix was 
2 7.68 N/mm; 2 Young's modulus was found to be approximately 13.5 kN/mm. 
7.3.2 Fabrication of the Main Models 
The materials used for the construction of the moulds for the 
main models were similar to those experimented with in the trial 
1 
section. As the models were to be instrumented internally as well as 































in two channel sections, each section consisting of a flange and 
portions of the' webs and diaphragms. The joint between the two 
channel sections was not chosen to be at mid-depth due to the fact that 
the shear stresses were to be measured at this point where they were 
likely to be at a maximum. The exact position of the joint is shown 
in Fig. 7.3. 
STRAIGHT MODEL 
Mould components were cut to the required dimensions from short 
mild steel strips, for the web sides, and plywood. The plywood 
components were all varnished and polished to seal the wood. The mild 
steel strips were joined together to the required length. Angle 
sections were screwed to these strips at approximately 150 mm 
intervals, the ends of the screws being ground off and polished. 
A working platform, 1m above the ground, was constructed from 
steel sections to allow access for bolting and unbolting of the mould 
from underneath. A sheet of 18 mm plywood was placed on the top of 
the platform as the base of the mould. The positions of the two 
straight channel'sections were located on the board using a tensioned 
wire and then checked with a theodolite. The surface of the base was 
covered with a sheet of PVC semi-rigid plastic to ease the eventual 
release of the model sections. The various mould components were then 
placed on top of the PVC and accurately bolted down to the base. To 
ensure that the mould sides were vertical, some of the angle pieces had 
to be packed up with small paper spacers. A 25 mm diameter tube was 
located through the centre of each of the three diaphragms in order to 
leave a void for bringing out strain gauge wires from the inside of the 
model. Silicon rubber was placed along all exterior joints to prevent 
leakage of the resin from the bottom of the mould sides. The mould 
was completed by placing a plywood piece between the inner mild steel 
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strips, on top of plywood spacers, to form the inside surface of the 
top flange. This is shown in Fig. 7.4 and Plate 1. Plastic 
insulation taper was used along the internal web/flange joint to 
prevent leakage. The PVC, silicon rubber and insulation tape used in 
the various sealing operations were shown to be unaffected by the resin 
and mould release agents in trials carried out before the main casting. 
Immediately prior to casting, the working platform was 
precisely levelled by adjusting six steel screws incorporated in the 
framework. Two coats of Araldite release against QZ11 and QZ19 were 
then brushed on to all surfaces of the mould. A sand/Araldite 
mixture, with the same proportions as that used in the trial model, was 
mixed and trowelled into the mould. A total of five mixes was used 
for the construction of the straight model, one test specimen being 
cast from each mix in order to obtain representative values of Young's 
modulus and Poisson's ratio. Fig. 7.5 shows the dimensions of these 
tensile specimens. 
It was noted during construction of-the trial section that the 
sand tended to segregate from the resin to a greater extent in the 
deeper sections immediately above the webs and diaphragms than within 
the flange. This problem was overcome by adding more mixture to those 
areas, excess resin being removed later by levelling with a steel bar. 
Two days after casting, the top surface was coated with a thin layer of 
Araldite casting resin in order to give a smooth surface for gauging 
but also to fill up any holes produced by air bubbles escaping from the 
top surface. 
Seven days later, all the mould components were unbolted from 
underneath the working platform. First, the outside mild steel strips 
were removed. The two channel sections were then turned upside down 
to enable the internal formwork to be stripped. Some holes due to air 



















Figure 7.4 Sections Through Moulds for Both Channel Sections 
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of the deeper channel section. The holes, which were up to 3 mm in 
diameter, were subsequently filled up with Araldite casting resin. 
All the cross-sectional dimensions and wall thicknesses were 
measured before assembly of the two channel sections at several 
positions along the beam. These measurements are presented in Table 
7.1 where it can be seen that the average dimensions of each element of 
the model are close to the nominal dimensions, the accuracy of each 
reading was well within ± 0.4 mm and within ± 0.1 mm on average for 
each dimension. As a result of this good agreement, the nominal 
dimensions have been used for the subsequent analysis. 
CURVED MODEL 
The curved box beam was constructed in a similar way as the 
straight model. The same mould components were used for the 
construction of the curved model with minor changes and alterations. 
The mild steel strips were modified to reflect the different lengths of 
the inner and outer webs. New plywood pieces, made for forming the 
curved flanges, were also shortened slightly in length so as to ease 
stripping of the internal formwork. 
The plan of the curved model was drawn on the working platform 
using a radius bar pinned to a fixed point. The two channel sections 
forming the box were constructed separately as the width of the 
platform was limited. 
The setting up and mixing procedure was as described for the 
trial and straight model sections: Plate 2 shows the mould just prior 
to casting of one of the curved sections. In total, three mixes were 
used, two for the deeper channel section and one for the shallower 
channel section. One tensile-specimen was cast with each mix. Two 
days after casting, the top surface of each section was coated with 
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days later. Again, some holes were discovered along the webs caused 
by air bubbles and these were subsequently filled up with resin. The 
removal of all air bubbles from the mix was impossible to achieve, and 
would have required the mixing and casting to be carried out in a 
vacuum. 
The average dimensions-of the curved model, determined from a 
similar number of measurements as for the straight section, are given 
Model Mix Young's Modulus Poisson's Ratio 
KN/mm2 v 
straight 1 14.84 0.319 
2 17.90 0.348 
3 16.87 0.357 
4 16.13 0.385 
5 15.16 0.341 
average 16.18 0.350 
curved 1 18.11 0.360 
2 17.09 0.340 
3 17.60 0.350 
average 17.60 0.350 
Table 7.3 Elastic Properties of Sand/Araldite Mixture 
in Table 7.2. Despite the great care taken during fabrication of this 
model, greater variation in dimensions of the various elements were 
observed than for the straight model. In all cases, measured values 
were smaller than the nominal dimension and, as a result, the averaged 
measured dimensions shown in Fig. 7.6 have been assumed in the 
subsequent theoretical idealization. The values of Young's modulus 
and Poisson's ratio for both the straight and curved models, at the 
time of testing, are given in Table 7.3. 
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Figure 7.6 Dimensions of the Curved Model Assumed in the Theoretical 





Both models were instrumented to measure strains, reactions and 
displacements using a total of 376 strain gauge elements, 6 load cells 
and 4 displacement transducers. Strain gauges were mostly 
concentrated around the two sections in each model which were 
considered to be the most critical both in terms of the magnitude of 
resulting strains and their distribution around the cross-section. 
Three further cross-sections were gauged to a much reduced level to 
provide information on, the longitudinal distribution of strain along 
the girders. 
7.4.1 Strain Gauging 
T. M. L. electrical resistance strain gauges, of type FLA-6 
(linear), FCA-6 (cross) and FRA-6 (rosette), were used for both models. 
All the gauges were of the foil type with a gauge factor of 2.13. The 
gauge length was 6 mm and the resistance was 120 n (±0.3n) for all the 
gauges. 
The gauges were divided into two groups: the main strain 
gauges and secondary strain gauges. The main strain gauges were all 
three-element rosette gauges, positioned around two sections and on two 
diaphragms. A total of 56 rosettes were used for each model. The 
two sections selected for both models were those near the midspan and 
the middle support, as shown in Fig. 7.7(b). The diaphragms 
instrumented were those designated D1 and D2. In all the locations, 
gauges were bonded to both the inside and outside surfaces of the walls 
of the boxes in order to separate in-plane and flexural components of 
strain. Rosette gauges were used to measure longitudinal, transverse 
and shear strains. The secondary strain gauges were all linear 
gauges, a total of 20 being used for each model. These gauges were 
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(c) Linear Strain Gauges at Sections A, B, C, D, E 














placed on the outside faces of the webs on the centrelines of the top 
and bottom flanges. They were used to measure the, extreme fibre 
strains at the corner of the box section in the longitudinal 
direction. 
Each of the tensile control specimens was instrumented with a 
pair of cross gauges located on opposite faces at the centre of the 
narrow central region. One of the elements was orientated in the 
axial direction, to provide an estimate of Young's modulus, the other 
in the transverse direction, for the determination of Poisson's ratio. 
The gauges were bonded to the model surface with Permabond 
F241, a special gauge adhesive manufactured by Permabond Adhesives 
Limited. This consisted of two parts, adhesive and initiator 5. 
Methylated spirit was used to clean all the wax (release agent) off the 
surfaces of the models prior to gauging. 
A three wire system was chosen for the gauges to compensate for 
changes in wire resistance due to variations in temperature. A dummy 
gauge was used to compensate for the apparent strain caused by 
temperature change on the gauge itself, as described in Section 7.5.2. 
7.4.2 Assembly 
The first operation was to attach all the strain gauge rosettes 
to the inside surfaces of the channel sections. Wires from the 
internal instrumentation were brought out through holes left in all 
three diaphragms. Wires from the inside of Section C (Fig. 7.7) were 
brought out through the end diaphragm D1; wires from Section E were 
brought out through the central diaphragm D2 and the end diaphragm D3. 
Plate 3 shows the inside instrumentation of the models. 
Before bonding the two channel sections together to form the 
box, the matching edges of the webs. were deeply scratched in order to 
provide a good key. The only tool which was effective on this hard 
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material was found to be a Tungsten Carbide blade. The sections were 
bonded together using Araldite 2001 epoxy glue consisting of a resin 
and hardener mixed in equal parts. The models were clamped and left 
for one day for the resin to set. Finally, all the exterior main 
strain gauges and secondary strain gauges were positioned and bonded to 
the surfaces. Particular care was taken to ensure that the internal 
and external rosettes at each point had the same orientation. 
7.4.3 Displacements 
Displacements were measured using four linear variable 
displacement tranducers (LVDT). They each had a travel of 15 mm which 
was considerably larger than the maximum deflections anticipated during 
the testing of these models. However, as only a portion of the travel 
was to be used, the range over which the calibration factor was the 
most linear was found and marked for each transducer. The transducers 
were wired into a 4-arm bridge circuit of the data logger providing a 
sensitivity of 0.004 mm. 
The transducers were placed at four corners of the box to 
provide data for obtaining vertical displacements, torsional rotation 
and distortional angle. The transducers were supported on a specially 
made frame, shown in Plate 4, which was an independent structure and 
could be placed at any section required for measurement. At the 
supports, displacement were measured by orindary dial gauges with a 
resolution of 0.01 mm. At these points, it was not possible, due to 
the positions of the load cells, to use transducers in the way in which 
they had been mounted on the transducer frame. 
7.4.4 Support Rig 
The supports were instrumented to enable support reactions to 
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all, with the dimensions shown in Fig. 7.8. Each load cell consisted 
of around mild steel section. The top part was drilled out to form a 
thin-walled cylinder; - the bottom part was threaded to allow for fine 
height adjustment. A circular mild steel end cap was fixed on top of 
the cylindrical portion of the load cell with Araldite epoxy resin. A 
ball bearing located in a seating at the centre of the end cap provided 
the fully-free rotational bearing required. The base of the load cell 
was a circular 70 mm diameter disk, which could be attached with three 
bolts at the appropriate position on top of the support rig. This 
arrangement, allowed each load cell to be adjusted independently from 
the support rig, to ensure that it was absolutely vertical. 
Each load cell was instrumented using four linear strain gauge 
elements. These were bonded at equal intervals around the outer 
surface of the cylindrical portion of the load cell, alternatively in 
the axial and transverse directions. Type FLE-1 strain gauges were 
used with a gauge length of 1 mm and a gauge factor of 2.11. The two 
axial gauges and the two transverse gauges were wired into a 4-arm 
bridge circuit of the data logger. 
The support rig itself consisted of three independent steel 
frames, bolted to-the laboratory floor. The same support rigs, in 
different positions, were used for testing both the straight and curved 
models. ý The top of the support rig was approximately 1m above the 
floor which provided a convenient working height both for deflection 
measurements and for the placement of loads. -A general view of the 
support rig arrangement is shown in Plate 5. 
The load cells were only designed to. carry compression and not 
an uplift. In some instances, therefore, they had to be preloaded by 
placing some heavy dead weights on top of the diaphragms, as shown in 
Plate 5. Readings from the load cells were checked before starting 
each test to ensure that no uplift was produced by the application of 
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the load. In order to prevent the models from sliding off the laod 
cells, two angle sections were fixed to the end support rigs as end 
stops, as shown in Plates-4 and 6. 
7.5 Loading System and Testing Procedure 
7.5.1 Loading 
The models were subjected to both concentrated loads and 
uniformly distributed line loading. The methods of applying these 
loads is discussed briefly here. 
(a) Uniformly Distributed Line Load (UDLL) 
A system for load spreading was devised to convert the single 
point load applied to a system of eight equal point loads, as 
shown in Plate 6. Each of the eight loading pins in the 
articulated loading frame was-located in. a conical seating in 
the top of one of the eight steel loading platens previously 
positioned at the appropriate location on the model. A rubber 
strip was placed between the loading platens and the surface of 
the model, to transfer the load more uniformly. The loading 
was applied to one span at a time. 
The loading rig was positioned with the assistance of a 
manually controlled crane. As the rig was lowered, the eight 
loading pins were first located in the platen seatings. By 
further lowering the rig, the joint between the lifting bar and 
the loading rig became slack as full load was applied. The 
total weight of the loading rig and the dead weight was 702.3N 
which is equivalent to a uniformly distributed load of 0.468 
N/mm. 
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(b) Concentrated Load 
A C-shaped frame was constructed for the application of the 
concentrated load to the model, as shown in Plate 7. Loading 
was applied at midspan through half a ball bearing of 15 mm 
diameter, positioned on the top of the web. The total load 
applied to the middle of the span was 518 N. 
Although only two alternative load systems were available, 
several different load cases and structural configurations could be 
tested. The model could either be torsionally restrained at its 
centre, by using two load cells, one under each web, or restrained 
against vertical displacement only, by placing one load cell centrally 
on the intermediate supporting rig. The other option was to place the 
load on alternative spans and make use of the symmetry of the structure 
to superimpose the results if needed. 
The reading sequence of the instrumentation for both the TDL 
and concentrated load cases was as follows: 
0- 0- L- L- 0- 0 
where 0- Load off; L- Load on. 
This complete reading cycle, which yielded six readings for 
each strain gauge, resulted in improved accuracy for each test 
condition. An interval of about one minute was allowed before each 
set of readings was taken. This was necessary for the readings to 
stabilise after the load was either applied or removed. A similar 
interval of about one minute was also observed when the tensile 
specimens were tested to obtain the modulus of elasticity and Poisson's 
'ratio. 
7.5.2 Data Logging 
An Orion data logger 3530B was used in conjunction with a BBC 
micro-computer to read and record the information from the 
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instrumentation. -A systematic diagram of the system is shown in Fig. 
7.9. 
All the strain gauges, transducers and load cells were 
permanently wired into plugs which were then connected to the sockets 
of extension leads attached to the input boards of the Orion. As only 
five boards were available, a maximum of 50 strain gauges could be read 
at any one time. This required the instrumentation to be divided into 
groups. For each particular load case, the test had to be repeated 






F-I--I COMPUTER ORION 
DISC PRINTER 
Figure 7.9 Schematic Layout of Data Logging and Storing System 
(1) main gauges Section C (outside) and diaphragm gauges D1 (outside) 
(2) main gauges Section C(inside) and diaphragm gauges D1 (inside) 
(3) main gauges Section E (inside) and. diaphragm gauges D2 (inside) 
(4) main gauges Section E (outside) and-diaphragm gauges D2 (outside) 
(5) secondary gauges 
(6) load cells = 
(7) displacement transducers (at fourteen sections along the beam). 
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As the readings obtained from the strain gauges were all 
observed to be well below the elastic limit of the material, and since 
no creep was observed in the behaviour of the sand/Araldite mixture, no 
real problems were encountered in repeating the test several times for 
each loading condition. 
A single common dummy strain gauge was used for each set of 
strain gauges to compensate for the, apparent strain caused by 
temperature changes. Three dummy gauges were used in all, each bonded 
in exactly the same way as the active gauges to a similar piece of 
unstrained sand/Araldite specimen. Two were housed inside the model, 
to be used for Sections C and E internal gauges; the remaining dummy 
gauge was placed on the outside, to compensate for all the external 
gauges. Care was taken during instrumentation to ensure that all the 
lead lengths were identical for each group of active gauges and their 
common dummy gauge. 
All the main and secondary strain gauges were connected in a 
1/4 bridge circuit using" a three wire system for each gauge whereas the 
load cells and the transducers were connected as full bridges. The 
scanning rate for all the measurements was 10 channels per second. A 
total of four readings was recorded for each channel from which the 
mean and standard deviation were found automatically and displayed on 
the VDU. The reading tasks were run continuously and a facility was 
provided in the interfacing program for the user to either accept or 
reject each set of readings. In this way, it was possible to check 
and control the accuracy of the data from the Orion so that, if the 
standard deviation of one or both of the two gauges in a set was too 
high, the set could be rejected. Alternatively, if the standard 
deviations were within acceptable limits, the data could be saved on to 
disc for later processing. 
A high value of standard deviation indicated that either a 
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gauge was drifting or there was a fault in the connections at some 
point between the gauge and the data logger. In most cases the fault 
was discovered and fixed. However, in two cases, where it was not 
possible to trace the fault, the tests were continued. The first of 
these was one of the secondary gauges for the straight model where the 
standard deviations sometimes reached 8 uc. This fault was eventually 
found to be the result of a poor connection between the data logger 
input boards and the end plug and was corrected for the subsequent 
tests on the curved model. The second case affected all of the main 
gauges on the inside of Section E for the curved model. The dummy 
used for these gauges was found to drift slightly and was replaced with 
the dummy provided for the inside main gauges at Section C. 
Apart from these two cass, where the standard deviation was 
often excessive, the rest of the gauges worked satisfactorily. The 
highest standard deviation accepted for the main rosette gauges, 
secondary linear gauges and transducers was 2.0 lie. For the load 




(a) During Construction 
(b) Prior to Casting 
Plate 1 View of the Mould for the Straight Model 
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(a) Central Diaphragm During Construction 
ý'_ 'ý'ý.:: ä; Ea ýF_ý 
(b) GeneraZ View 
Plate 2 View of the Mould for the Curved Model for the 
Deeper Channel Section 
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(a) Straight ModeZ 
(b) Curved ModeZ 












(a) Straight Model 
(b) Curved Model 
Plate 6 General View of the Models During the Uniformly Distributed 
Line Load Test 
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Plate 7 C-shaped Frame for Applying Concentrated Load 
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CHAPTER EIGHT 
RESULTS AND DISCUSSION 
8.1 Introduction 
A comparison is presented here between the results obtained 
experimentally for each of the two models and the corresponding results 
derived from the proposed theoretical method. The behaviour of the 
individual models has been studied with reference to both the global 
and cross-sectional distributions of the various stresses and stress 
resultants. 
The testing programme incorporated four different tests on each 
model: each test was repeated twenty times to provide a full set of 
readings from all the main rosette gauges, secondary linear gauges, 
load cells and transducers. Full results from the tests on both the 
straight and curved models are given in detail elsewhere [20]. Some 
representative results are presented here for comparison with those 
obtained from the equivalent beam method of analysis. 
Before the actual comparison of experimental and theoretical 
results is carried out, the methods of determining the experimental and 
theoretical values are discussed individually. 
8.2 Determination of the Experimental Results 
The six readings for each instrumentation channel (0-0-L-L-0-0) 
were first taken and stored on disc. They were then averaged and 
processed by specially developed computer programs [20] to calculate 
the best estimate, as shown in Fig. 8.1. This value represents the 
change in gauge reading caused by the load increment and was the value 
used in subsequent analysis. 
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0= Load Off 
L= Load On 
0 
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STRAIN E=L, - 01 
Figure 8.1 Conversion of the Six Readings to Real Strain 
For the main rosette gauges the following quantities were 
determined: (a) longitudinal, transverse and shear strains and 
stresses, (b) maximum shear, maximum and minimum principal strains and 
stresses, together with the direction of the principal axes. 
Furthermore, from the two sets of results thus obtained from the gauges 
on the inside and outside surfaces of sections C and E, the following 
strains and stresses were calculated: 
(1) In-plane longitudinal 
(2) Out-of-plane longitudinal 
(3) In-plane transverse 
(4) Out-of-plane transverse 
(5) In-plane shear 
(6) Out-of-plane shear. 
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From the secondary linear gauges, however, only extreme fibre stresses 
were obtained. The formulae given in Table 8.1 were used to convert 
strains to stresses and stress resultants for both the main rosette 
gauges and the secondary linear gauges. Average values for Young's 
modulus and Poisson's ratio, given in Table 7.3, were used in these. 
expressions. 
Displacements and angles were also determined experimentally 
from the four displacement transducers. These were first reduced into 
a final set of values, according to Fig. 8.1, and then divided by their 
respective calibration factors. The vertical and horizontal 
displacements of the webs and flanges of a typical cross-section of 
both models are shown in Fig. 8.2 
h 
Figure 8.2 Rotations of Flanges and Webs due to Twisting 
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The vertical and horizontal displacements were obtained by 




Horizontal displacement = 




The rotational angle and distortional angle are given by 
oz 
*z -2 az 
- 
and 
Y dz Vz+ az 
where ýZ and aZ are the angles of rotation of the flanges and webs 













To determine the reactions, a single reading was first obtained 
for each load cell by taking the average of the six readings as before 
(Fig. 8.1). These were then divided by their respective calibration 
factors to give the final values of reaction forces. 
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8.3 Statistical Treatment of Experimental Results from the Main 
Gauges 
An additional computer program [20] was written to perform a 
least-squares 'analysis on the results of the main strain gauges from 
Sections C and E of both models. This helped to minimise experimental 
errors and to improve the quality of data obtained from the data 
logger. All 96 main rosette gauges used for Sections C and E were in 
full working order. 
From thin-walled beam theory, the longitudinal and shear 
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8.7 
In addition, the transverse bending stresses due to distortion of the 
cross-section are given by 
cr db d2 
mdb 8.8 
Making use of these relationships, a least-squares analysis was 
performed to obtain an improved estimate of the following stress and 
stress resultants: 
(1) In-plane longitudinal stress 
(2) Out-of-plane transverse bending moment per unit length 
(3) In-plane shear flow. 
The theoretical distributions for the first two of these quantities 
vary linearly around the cross-section; for shear flow it varies 
according to the sectional and sectorial functions given in the second 
expression of Eqn. 8.7. 
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Consider a best-fit line to the twelve experimental points 
a1(1-1,12). The values of this best-fit function are Fi(j-1,4) at the 
four corners of the box model and fi at the twelve strain gauge 
positions. The amount of discrepancy between the experimental and 
best-fit values in each case is therefore ai - fi. The least-squares 







in which S, the overall squared error, has to be minimised. For the 
first two quantities, i. e. the longitudinal stress and transverse 
bending moment per unit length, the values of the best-fit line at the 
twelve strain gauge points fi, may be written in terms of the four 
corner values F4. By minimising S, using 
LS 
- 0, four equations can 
be obtained in the form 
[MJ {ai} + [N] {F7 }=0 8.10 
where [M] and [N] are 4x12 and 4x4 matrices respectively and contain 
terms defining the geometry of the box and the positions of the strain 
gauges. The best estimate of the corner values from the least-squares 
analysis may now be determined from Eqn. 8.10 and then used to evaluate 
the values fi at each of the strain gauge positions. Furthermore, by 
using the least-squares values of the longitudinal stresses at the four 
corner points, an estimate of direct force (ideally equal to zero), 
bending moments (in both x and y directions), and bimoments (due to 
torsional and distortional warping restraint effects combined) were 
found. No least-square treatment was possible on the four secondary 
linear gauges, located at the corners of each instrumented section, 
since no redundant information is available. However, the results of 
0 
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the four corners were used to establish four simultaneous equations 
from which unique values for the various stress resultants N, Mx, M 
and (B+D), were obtained at each of the five secondary gauge sections. 
A least-squares treatment of the shear flow results may also be 
performed using Eqn. 8.9. However, in this case, the values of fi 
must be expressed in terms of the various sectional and sectorial co- 
ordinates given in the second expression of Eqn. 8.7. The overall 
squared error S may then-be minimised with respect to the various 
stress resultants, thus: 
as 
_ 
as " as as =0 avX -avy-3Ta (B'+ D') 
from which four equations are obtained in the form 
8.11 
[M] {ai} + [N] { VX Vy T (B' + DI) IT 8.12 
The matrices [M] and [N] are again 4x12 and 4x4 but comprise various 
terms corresponding to the sectional and sectorial functions of the box 
model. 
By solving Eqn. 8.12, an estimate of Vx, Vy, T and (B'+D') can 
be-found. By back substituting these into the expression for the 
distribution of shear flow around the cross-section, from Eqn. 8.7, the 
values of Fi and fi may be evaluated. This least-squares treatment 
was only performed on the shear flow-results of the straight model 
since its various torsional and-distortional sectorial functions are 
identical. A similar analysis for shear flow results of the curved 
model is-possible but is more-complex since it requires the quantities. 
B'-and D' to be-treated separately. 
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8.4 Analytical Solutions 
The equivalent beam method developed previously has been used 
to analyse the two model box beams. The theoretical results predicted 
by the method have been obtained by using a computer program WARPY, as 
discussed in Chapter 6. 
The geometrical and sectorial properties of both model cross- 
sections have been calculated in accordance with the computer programs 
previously described in j 3.7 and 
J 4.8. The torsional and 
distortional co-ordinates and shear functions are given in Fig. 8.3 for 
both models noting that, in the case of the straight model, torsional 
and distortional sectorial distributions are identical. The 
dimensions assumed in analysis of the straight model are the nominal 
dimensions shown in Fig. 7.1; the dimensions of the curved model are 
based on the average of measured dimensions, as shown in Fig. 7.6. 
Other results obtained from various computer programs are tabulated in 
Table 8.2 in which the coordinates of the centroid and shear centre 
have been defined with respect to an origin located at the centre of 
the top flange. The structures have been idealised for the purpose of 
analysis. Twenty-six straight beam elements have been used for the 
straight model and a similar number of circular curved beam elements 
for the curved model. These configurations are shown in Fig. 8.4. 
The node positions have been designated to coincide with supports, 
instrumented sections and the locations along the beams where 
deflections were measured experimentally. 
In the computer program, loads may be applied as: (i) 
concentrated loads at nodal points, or (ii) uniformly distributed 
loads over the length of an idealized beam element. Only two loading 
conditions were applied to the models: (a) concentrated load applied 
at midspan, and (b) uniformly distributed load applied over the whole 
one span. In both cases, (a) and (b), the load was applied 
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(b) Curved ModeZ - Section AA (Fig. 7.6) 
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(c) Curved Model - Section BB (Fig. 7.6) 
Figure 8.3 Torsional and Distortional Sectorial Functions for the Models 
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P ti U i 
QUANTITY 
roper es n ts 
Straight Curved 'AA' CURVED 'BB' 
xG mm 0 0 0 
yG mm 50 49.5 50.4 
xS mm 0 0 0 
YS mm 50 49.5 51: 5 7 
I mm4 0.125 E8 0.1108 E8 0.1089 E8 x 
I mm4 0.433 E8 0.3972 E8 0.3945 E8 y 
I mm4 0 0 0 
xy 
I^ mm6 0.1458 E11 0.1392 E11 0.143 E11 w 
Id mm4 0.3 E8 0.2676 E8 0.263 E8 
I mm4 0.4 E8 0.3654 E8 0.3640 E8 c 
U - 0.25 0.267 0.277 
n mm2 0.4 E5 0.396 E5 0.397 E5 
I mm6 0.1458 E11 0: 1301 E11 0.1288 E11 W 
D N mm . 1536 E7 0.1218 E7 0.1026 E7 t 
Db N mm . 1536 E7 0.1218 E7 0.1218 E7 
D N mm 0.5186 E7 0.4586 E7 0.4586 E7 w 
Kd N . 1606 E6 0.1292 E6 0.1199 E6 
' Jl mm -1 0.3611 E-2 0.3446 E-2 0.3391 E-2 
6 - 1.0 1.0 0.983 
p - 0.5 0.5 0.5 
Table 8.2 Geometrical and Sectorial Properties of the Models 
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eccentrically over one web. The loading idealization used in the 
computer analysis is given in Table 8.3 which indicates the individual 
=component of each type of loading. The other option adopted in the 
test was either to make the model torsionally restrained at the centre 
support or restrained against vertical displacement only. This option 
is identified in Table 8.4 for node number 14 corresponding to the 
position of the intermediate support. The distortional angle was 
Iconsidered to be fully restrained, for the purpose of analysis, at the 
positions of the three diaphragms. 
CONCENTRATED LOAD 
Node No. Load Type Load 
7 Vertical shear + 518 N 
7 torque + 51800 Nmm 
7 Distortional Moment + 25900 Nmm 
UNIFORMLY DISTRIBUTED LINE LOAD 
Member No. Load type Load 
Torque UDL + 46.82 Nmm/mm 
1-13 D. Moment UDL + 23.41 Nmm/mm 
Vertical Shear UDL +-0.4682 N/mm 
Table 8.3 Loading in Local Co-ordinates 
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xBxxcxpxxE E'x x D' x C'x x B. xx p' 
*A 
Transducer Location 
R8 R E3 E3 E3E3 
A 
11 13 15 17 19 21 23 25 27 
8969ý B--4e 
246a 10 12 14 16 16 20 22 24 26 
, NODE NUMBERING 
MEMBERGE0METRY 
----------------------------- 

































9 10 200.00 
10 11 100.00 
11 12 200.00 
12 13 50.00 
13 14 50.00 
14 15 50.00 
15 16 50.00 
16 17 200.00 
17 18 100.00 
18 19 200.00 
19 20 100.00 
20 21 50.00 
21 22 150.00 
22 23 200.00 
23 24 100.00 
24 25 200.00 
25 26 -50.00 26 27 50.00 
Figure 8.4 Structural Idealization for the Models for the 
Equivalent Beam Method 
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Node No. Type of restraint 
1 Vertical Displacement 
1 Torsional Angle 
1 Distortional Angle 
14 Vertical Displacement 
14 Torsional Angle (option) 
14 Distortional Angle 
27 Vertical Displacement 
27 Torsional Angle 
27 Distortional Angle 
Table 8.4 Boundary Conditions in Local Co-ordinates 
8.5 Discussion of Experimental and Theoretical Results 
The experimental values obtained for the two models will now be 
compared with those predicted by the equivalent beam method. This is 
intended to provide information to check further the validity of the 
theoretical idealisation and to establish the limits of its 
applicability. It will also provide an insight into the structural 
behaviour of single cell, deformable, box girder bridges. 
8.5.1 Results for the Straight Model 
REACTIONS 
In order to assess the , 
_quality 
of the data obtained from the 
load cells, the total applied load was compared to the sum of 
reactions, as shown in Fig. 8.5. All four test configurations are 
considered comprising the two different loading arrangements and the 
1V8 
two alternative central support positions. The maximum error in this 
equilibrium check was found to be 2.97%, with an average error of 
2.13%. Furthermore, the difference between the total reactions at 
each of the three supports, determined experimentally and analytically, 
has been assessed. The maximum error was 1.7% of the total applied 
load with an average value of 0.74%. This indicates that, although 
the resolution of individual load cells was only 12.5 N, good agreement 
was obtained with the total theoretical reactions at each support. 
The results. obtained experimentally and from the analysis for the 
torque at each of the three supports are not in such good agreement. 
The average error was approximately 6.4% of the total applied torque. 
The theoretical values predicted by the equivalent beam method for each 
load cell are also shown in Fig. 8.5 in parentheses. These are 
obtained from separating the two fixed-end shear and torsional forces 
obtained from the computer program. 
DEFORMATIONS 
Vertical deflections, distortional angle and torsional angle 
were measured at a total of 14 sections within the two spans of the 
model using four displacement transducers. Ordinary dial gauges were 
employed at the three support sections. The distribution of the 
various deformations for the straight model are compared in Fig. 8.6 
for one typical test configuration in which the beam is torsionally 
restrained at the central support and subjected to a single 
concentrated load. The possible error associated with each component 
of deformation is also shown in Fig. 8.6, evaluated on the basis of the 
resolution of the transducers employed for the tests (± 0.004 mm). 
It is interesting to note that the equivalent beam method 
results in an underestimate. of the vertical deflection in the loaded 
span and a corresponding over-estimate in the unloaded span. - The, same 
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phenomenon was also observed for the other three test configurations. 
For the theoretical idealization of this model, it has been assumed 
that the model has a constant bending stiffness throughout its length. 
However, it can be seen from Fig. 8.6 that the bending stiffness cannot 
be the same for the two spans. 
The two principal properties influencing the bending stiffness 
are: (i) Young's modulus, E, and (ii) second moment of area, I. 
Although an average value of E has been assumed in the analysis, there 
was an observed variation of ±10% in the values obtained for each of 
the five mixes used for the construction of the model (Table 7.3). 
Moreover, the test specimens were being cast in steel moulds which 
would result in a different, rate of heat dissipation in the resin and, 
therefore, the values obtained in this way may not accurately represent 
the true value of the material used for the model. The value of I 
assumed in the analysis has been based on the nominal dimensions 
whereas, in reality, this may also vary along the beam as is evidenced 
in Table 7.1. 
In the case of distortional and torsional angle, the theory has 
also underestimated both quantities. These angles are, in general, 
very small due to the considerable frame and torsional stiffness of the 
model cross-section and, as a result, the error bounds shown in Fig. 
8.6 are relatively wide. However, the shape of the theoretical 
distributions are basically the same as those obtained from the 
'experimental results. The theoretical solutions are sensitive 
small changes in the material properties and model geometry. By 
assuming different E values and dimensions for the two spans in 
accordance with the variations in measured values (Tables 7.1 and 7.3), 
all three quantities were influenced considerably. The midspan values 
of v, Yd and 0 in the loaded span were increased by 13,27 and 18% 
respectively, which results in better approximations to those obtained 
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from experiments. 
A better comparison of the torsional and distortional angles 
obtained by analysis and experiment is possible using the results of 
the more flexible straight model tested by Zhang [62] as previously 
discussed in 6.3.5. The model was constructed from thin mild steel 
plates resulting in greater angular deformations. The distortional 
and torsional angles along the box beam evaluated from the equivalent 
beam method have been compared with the observed values and are listed 
in Table 8.5. Excellent general agreement has been achieved. This 
indicates that the distortional and torsional angles can be.. predicted 
accurately by the equivalent beam method. 
Cross section Distortional Angle 
X10-3 (rad. ) 
Torsional Angle 
x10-3 (rad. ) 
" observed calculated observed calculated 
Fixed end 0 0 0 0 
1/8 - 0.758 - 0.1144 
1/4 3.660 3.044 0.2099 0.2340 
3/8 7.434 6.864 0.2848 0.3545 
1/2 12.626 12.205 0.4896 0.4752 
5/8 18.904 19.010 0.5158 0.5958 
3/4 26.532 27.141 0.6766 0.7164 
7/8 35.938 36.340 0.7690 0.8370 
tip - 46.176 - 0.9577 
Table 8.5 Comparison of the Results for Distortional and Torsional 
Angle with those presented by Zhang [62] 
LONGITUDINAL STRESSES 
. Distributions of longitudinal stress have been obtained at the 
two principal sections in both the loaded and unloaded spans. Results 
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from only one section are presented here for detailed discussion but 
these are typical and the remaining sections are presented in detail 
elsewhere [20]. A comparison of the longitudinal stresses at Section 
E are shown in Figs. 8.7 and 8.8 for the four test arrangements. 
Three different quantities are compared: (i) the experimental results, 
(ii) the best estimate of the experimental results from least-squares 
analysis, and (iii) values obtained theoretically. In all four cases 
the loading has been applied to the ungauged span. The comparison 
shows that the theoretical values obtained from the equivalent beam 
analysis are in close agreement with the experimental results. The 
best measure of this agreement is a comparison of the various stress 
resultants obtained both from analysis and from the best estimate of 
the experimental results. For example, the values of the bending 
moments obtained from the best estimate of the experimental results 
were, on average, 96.2% of those derived from the theory. In 
particular, for the four cases shown in Figs. 8.7,8.8, these ratios are 
99.62%, 97.90%, 99.46% and 95.66% respectively. 
The most noticeable feature of all the longitudinal stress 
results is the good transverse distribution of eccentric loads that is 
due to the high torsional stiffness of the box section. In Figs. 8.7 
and 8.8, the results of longitudinal stress correspond to the two 
alternative central support arrangements where the beam was either 
torsionally restrained or not. The effect of restraining torsion at 
the central support results in an increase of 7.23% in the ratio of 
torsional warping stress to bending stress at the corners for the 
concentrated load case, Fig. 8.7. A similar increase of 8.78% was 
observed for the alternative uniformly distributed load case, Fig. 8.8. 
However, ' for both load cases, distortion was found to be the main 
source of warping stress and this can form a significant addition to 
the cross-sectional distribution of longitudinal bending stress. 
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Maximum distortional warping stress for the straight model can be found 
from Table 8.6 to be 35.55% and 24.72% of the bending stresses for the 
concentrated load and uniformly distributed load cases respectively. 
It should be noted that the distortional warping stresses are 
independent from the condition of central support. On the other hand, 
the maximum torsional warping stresses were 8.86% and 10.54% of the 
bending stresses for the concentrated load and uniformly distributed 
load cases respectively. 
TRANSVERSE BENDING 
The transverse distortional bending stresses measured at the 
main instrumented Sections C and E were found to be large and of the 
same order as the longitudinal stress. Consequently, these transverse 
stresses generate longitudinal stress due to the Poisson's ratio effect 
which are not negligible in comparison with the longitudinal stresses 
due to bending, torsional and distortional warping. 
The values of the transverse bending moments per unit length 
around Section C of the model are plotted in Figs. 8.9 and 8.10. 
Positive bending moments are defined here as those moments which 
. 
produce tension on the inner surface of the cross-section. The 
results show good agreement between the theoretical values and the 
least-squares estimates using the experimental values. These results 
have further verified that the distortional and torsional effects do 
not interact in straight box beams and that distortion can be analysed 
in isolation. The transverse bending moments per unit length caused 
by distortion of the cross-section, shown in Figs. 8.9 and 8.10, can be 
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The shear flows at Sections C and E are shown in Fig. 8.11 in 
which the experimental results, the best estimate of the experimental 
results from least-squares analysis and the theoretical values for one 
test configuration are compared. The loading consists of the 
concentrated load applied within the instrumented span and the model is 
torsionally restrained at the central support. Again, good agreement 
can be observed between-the results. The values of the vertical shear 
force obtained from the best-fit analysis described previously in this 
Chapter are-88.3% and 80.1% of the theoretical values derived from the 
equivalent beam method for Sections C and E respectively. The 




The maximum principal stress measured in the straight model was 
1.207 N/mm2 with the direction of 15.4° to the longitudinal axis. 
This occurred at the outside surface of Section C on the bottom flange 
near the loaded web. The model was loaded by concentrated load in the 
instrumented span and the model was torsionally restrained at the 
central support. 
STRESS RESULTANTS 
The distribution of the various stress resultants obtained from 
the computer program are represented by the solid lines in Figs. 8.12 - 
8.17, for the concentrated load case, and Figs. 8.18 - 8.23, in the 
case of uniformly distributed line load applied eccentrically over one 
web. These quantities must be inserted into the equations of 
longitudinal and shear stress with the appropriate values of the 
geometrical and sectorial properties, in order to obtain the level of 
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stress at any point around the cross-section or along the beam. The 
values of the stress resultants obtained from the best-fit treatment of 
the experimental results of both rosette and linear gauges have also 
. been presented in all cases where they are available. It is 
interesting to note that the values of the bending moment obtained from 
the 4 linear gauges used at both of instrumented sections C and E are 
in close agreement with the results obtained from the least-squares 
analysis of the 24 corresponding rosette gauges used, at the same 
sections (Figs. 8.12 and 8.18). The average difference between the 
results of the main and secondary gauges in the theoretical predictions 
of bending moment is approximately 12%. 
A comparison of the results of torsional bimoment (Figs. 8.15 
and 8.21) and the distortional bimoment (Figs. 8.16 and 8.22) for both 
loading cases indicates further that the warping effects due to 
distortion of the cross-section predominate, resulting in greater 
warping stresses in thin-walled box girder bridges of deformable cross- 
section. Figs. 8.15 and 8.16 for the concentrated load case also show 
that the torsional warping stresses are highly localized in the 
longitudinal direction, but that the distortional warping stresses 
decay less rapidly along the beam. The effect of restraining the 
warping caused by both torsion and distortion combined, are shown in 
Figs. 8.17 and 8.23. Good general agreement can be observed between 
theory and the results of (B+D), predicted from the results of both the 
main and secondary strain gauges. In particular, the results of the 
least-squares analysis of the main rosette gauges agreed with an 
average of 85% with the theoretical predictions at the two main 
instrumented sections. 
Results of the various stress resultants predicted from the 
least-squares analysis of the shear flows are generally not very close 
to the theoretical predictions. This is particularly true of the 
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results obtained for the unloaded span. These inaccuracies arise from 
the fact that the shear stresses measured experimentally were very 
small in relation to the sensitivity of the instrumentation and data 
acquisition system. Yet, the stress resultants obtained from the 
experimental and theoretical results are of the same order and they 
both show the same trend in their longitudinal distribution. 
SUMMARY AND CONCLUSION 
From the comparison between the analytical and experimental 
results presented in this Chapter and previously in Chapter 6, it may 
be concluded that the theoretical method proposed is satisfactory. 
The equivalent beam method with the additional degrees- of freedom 
developed here to account for distortion of the cross-section, can be 
used to predict both cross-sectional and global behaviour of deformable 
straight box girder bridges with sufficient accuracy for design 
purposes. It has also been verified that, in the case of straight box 
beams, distortion can be analysed independently from bending and 
torsion. Distortional behaviour can only be influenced by changing 
the distortional parameters and boundary conditions. Furthermore, the 
structural effects due to cross-sectional distortion, such as warping 
and transverse bending, can be significant and must be considered fully 
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Experimental ( Analytical ) Results 
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Figure 8.5 Measured Reactions (N) for the Straight Model 
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Figure 8.6 Comparison of the Various Deformations Along the Straight 
Model due to PL (Shear & Torsionally Restrained supports) 
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(a) Shear Restrained Central Support 
(b) Shear and TorsionaZZy Restrained Central Support 
A Analytical Results 
B ------ Best-Fit Results 




Figure 8.7 Comparison of Direct Stresses (N/nn2) at Section E of the 
Straight ModeZ due to PL 
210 
(a) Shear Restrained Central Support 
-0.167 A -0.343 A 
-0.197 B -0.329 B 
(b) Shear and Torsionally Restrained Central Support 
A Analytical Results 
B ------- Best-Fit Results 
  Experimental Results 
Ea 
UOl E I 
Ea 
KEY TEST CONFIGURATION 
Figure 8.8 Comparison of Direct Stresses (N/nvn2) at Section E of the 
Straight Model due to UDL 
k 
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(a) Shear Restrained Central Support 
(b) Shear and Torsionally Restrained Central Support 
A Analytical Results 
B ----» Best-Fit Results 
  Experimental Results 
C 
KEY TEST CONFIGURATION 
Figure 8.9 Comparison of Transverse Bending Moments per Unit Length 
(&m/mm at Section C of the Straight Model due to PL 
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(a) Shear Restrained Central Support 
(b) Shear and Torsionally Restrained Central Support- 
A Analytical Results 




KEY TEST CONFIGURATION 
Figure 8.10 Comparison of Transverse Bending Moments per Unit Length 
(Nrran/mm) at Section C of the Straight Model due to UDL 
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a 
(a) Shear Flow at Section C 
(b) Shear Flow at Section E 
A Analytical Results 
B ------ Best-Fit Results 
a Experimental Results 
Dl 
"C "E 
KEY TEST CONFIGURATION 
Figure 8.11 Comparison of Shear Floms (N/mm) in Straight Model due 
to PL CShear & Torsionally Restrained Supports) 
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(b) Shear and TorsionaZZy Restrained Central Support. 
KEY 
Analytical Results 
Rosette Gauges B. F. Results 
o Linear Gauges Results 
Figure 8.12 Comparison of Bending Moments Along the Straight Model 
due to PL 
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(b) Shear and Torsionally Restrained Central Support 
KEY Analytical Results Rosette Gauges B. F. Results 
Figure 8.13 Comparison of Shear Forces Along the Straight Model 
due to PL 
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(b) Shear and TorsionaZZy Restrained Central Support 
KEY 
Analytical Results 
x Rosette Gauges B. F. Results 
Figure 8.14 Comparison of Torques Along the Straight Model 
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(a) Shear Restrained Central Support 









(b) Shear and Torsionally Restrained Central Support 
Figure 8.15 Analytical Distributions of Torsional Bimoment Along 
the Straight Model due to PL 
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Figure 8.16 Analytical Distributions of Distortional Bimoment and 
Distortional Moment in Straight Model due to PL 
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(a) Shear Restrained Central Support 
x106 Nmm2) -11 
(b) Shear and Torsionally Restrained Central Support 
Analytical Results 
KEY x Rosette Gauges B. F. Results 
o Linear Gauges Results 
Figure 8.17 Comparison of'TorsionaL and Distortional Bimoments Combined, 
Along the Straight Model due to PL 
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Figure 8.18 Comparison of Bending Moments Along the straight Model 
due to UDL 
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(1) Shear and Torsionally Restrained Central Support 
KEY Analytical Results x Rosette Gauges B. F.. Results 
Figure 8.19 Comparison of Shear Forces Along the Straight Model 
due to UDL' 
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(b) Shear and Torsionally Restrained Central Support 
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Figure 8.20 Comparison of Torques Along the Straight Model 
due to UDL 
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(b) Shear and Torsionally Restrained Central Support 
Figure 8.21 Analytical Distributions of Torsional Bimoment Along 
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(b) Distortional Moment 
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Figure 8.22 Analytical Distributions of Distortional Bimoment and 
Distortional Moment in Straight ModeZ due to UDL 
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(b) Shear and Torsionally Restrained Central Support 
Analytical Results 
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Figure 8.23 Comparison of Torsional. and Distortional Bimoments Combined, 
Along the Straight Model. due to UDL 
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8.5.2 Results for the Curved Model 
The results obtained' for the curved model have illustrated 
those aspects of the structural behaviour peculiar to this type of 
beam. " Some representative results obtained from the curved model are 
compared 'here with those from the preceding section in order to 
highlight the essential differences between straight and curved beams. 
A complete set of results obtained from the curved model is given 
elsewhere [201. 
REACTIONS 
The measured vertical reactions for the four test 
configurations for the curved model are shown in Fig. 8.24. The 
analytical values obtained for each load cell have also been given in 
parentheses for comparison. From the experimental results, the sum of 
the reaction forces compares favourably with the total applied load. 
The average difference for all the four load configurations was found 
to be 2.52%, with a maximum error of 4.35% obtained for the uniformly 
distributed line loading case with the model torsionally restrained at 
the central support. The individual reaction forces measured at the 
three supports are also compared in Fig. 8.24 with the theoretical 
values. The average difference between the results at the supports 
was 2.1% of the total applied load. The difference between the result 
obtained experimentally and from the analysis for torque at each of the 
three supports have also been assessed. The average difference 
between the results was approximately 10% of the total applied torque. 
DEFORMATIONS 
An example of the- longitudinal distributions of vertical 
deflection, distortional angle and torsional angle for one-typical test 
configurations'are'given in Fig. 8.25. , 
For this case, the model is 
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torsionally' restrained at the central 'support and subjected to 
concentrated load applied eccentrically on the outer web at midspan. 
Fig. 8.25(c) shows the total rotational angle measured at each 
instrumented section; the distribution of rotational angle predicted 
by analysis (represented by solid line) has been obtained by 
considering the two separate components, defined in Eqn. 3.3. - 
It can be seen (Fig. 8.25(a)) that the equivalent beam method 
has underestimated the vertical deflection of the loaded span by up to 
20%. This maximum error has occurred under the position of the 
applied load. Probable reasons for this discrepancy, as in the case 
of the straight girder, are likely variations in (i) the Young's 
modulus of the material, E, and (ii) the dimensions of the model along 
its length. The dimensional idealization of the model is based on 16 
equidistant -grids along the length of the model (Table 7.2) and thus 
can only be an approximation to the true dimensions of the model. 
However, in general, the results obtained from theory and experiment 
are of the same order and display the same trend. Similar results 
were also observed for the other three test configurations. 
LONGITUDINAL STRESS 
The results of the main strain gauges at Sections C and E for 
the in-plane component of the longitudinal stresses are plotted in 
Figs. 8.26 - 8.29. Both types of loading are considered. The results 
show a small reduction in axial stress at positions away from the 
loaded web which is generally an indication of the good transverse load 
distribution characteristics associated with box girders. The 
comparisons between the theoretical and experimental results show that 
the equivalent beam method has resulted in an underestimation of axial 
stress in nearly all cases. As a measure of this under-estimation, 
the average values of the bending moment obtained from analysis are 
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about 86.5% of those obtained from the least-squares analysis of the 
experimental results. This difference may be due to the assumptions 
made in the theoretical idealization. It has been assumed in the 
analysis of curved girders that the cross-sectional distribution of 
direct stress for any particular loading is identical to that for an 
equivalent straight beam. This assumption is generally acceptable in 
concrete bridges of typical proportions where the radius of curvature 
is very much greater than the section breadth. However, in the case 
of the curved box girder model, the curvature is relatively large and 
it may be necessary to consider the effects of curvature on the 
transverse distribution of stress in the analysis. Once the effect of 
curvature is taken into consideration, all the basic sectional- and 
sectorial properties also have to be modified. Waldron [52] states 
that the maximum error arising in the transverse distribution of the 
bending stress is approximately b/2R, where b is the section breadth 
and R is the radius of curvature of the section. In the case of the 
curved model considered here, this error is equal to about 5%. A 
similar error may also occur in the prediction of warping stresses. 
The results obtained for the curved model indicate once again 
that distortion was the principal source of warping stress. For the 
case in which torsion is fully restrained at the central support, the 
distortional warping stresses were found to be approximately twice the 
torsional warping stresses at midspan and nearly three times larger 
near the central support. This can be seen in Table 8.7. 
TRANSVERSE BENDING 
Transverse bending moments per unit length at the instrumented 
section C in the unloaded span are plotted in Figs. 8.30 and 8.31 for 
the four test configurations. This gauge section has been selected 
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to be at a maximum at this point. It can be seen that the theory has 
underestimated the experimental values by an average of approximately 
20%. This difference arises from the same sources of error outlined 
previously and which resulted in an underestimation of the bending 
stresses. 'Unlike the case of the straight girder, flexural, torsional 
and distortional components interact along the entire length of the 
curved box girder. In such cases, additional distortional forces 
occur due to the radial component of the longitudinal bending stresses 
which must be included in the distortional calculations even when the 
load is applied through the shear centre. It can be seen from Figs. 
8.30 and 8.31 that the transverse bending stresses are small relative 
to those presented previously for the straight beam (Figs. 8.9 and 
8.10). This is due to the fact that the loads were applied on the 
outer web, resulting in the pure distortional moment and the 
distortional forces due to the radial component of the longitudinal 
bending stresses having algebraically opposite signs (Eqn. 4.65). If, 
however, the load had been placed on the inner web, the distortional 
forces would have become additive and resulted in the transverse 
bending moment per unit length being increased significantly. 
The effect of restraining torque at the central support can be 
seen from Figs. 8.30 and 8.31 for both load configurations. Unlike 
the straight beams, interaction occurs between all the structural 
actions. Thus, by restraining one action, all the other actions are 
influenced, modifying the whole state of stress throughout the girder. 
By changing the type of. torsional restraint of the intermediate 
support, not only are the-torsional warping stresses changed, but the 
bending stresses and distortional effects are also modified. It can 
be seen from Figs. 8.30 and 8.31 that the transverse bending moments 
per unit length have decreased when full torsional restraint was 
applied at the intermediate support. The same phenomenon can also be 
231 
observed in Figs. 8.28 and 8.29 where, although the torsional warping 
stresses have increased with the introduction of torsional restraint, 
- the overall stress levels have been reduced. 
MAXIMUM STRESS 
In the case of the curved model, the maximum principal stress 
2 
measured experimentally was 1.202 N/mm. This occurred on the outside 
surface of Section C on the bottom flange adjacent to the loaded web at 
a direction of 13.6° to longitudinal axis. Concentrated load was 
applied at the centre of the same span and the. beam was torsionally 
restrained at the central support. 
STRESS RESULTANTS 
All the various stress resultants predicted theoretically for 
the curved model have been given in Figs. 8.32 - 8.34, for the 
concentrated load case, and in Figs. 8.35 - 8.37, for the uniformly 
distributed load case. The experimental values obtained from the 
least-squares analysis of the main rosette gauge results, together with 
the corner values of the secondary linear gauges, have also been 
presented in the bending moment diagrams (Figs. 8.32 and 8.35). It 
can be seen that the results obtained from both rosette and linear 
gauges are higher than the theoretical predictions of bending moment. 
However, the difference between the bending moments obtained from 
least-squares analysis of rosette gauge results and the results of the 
linear gauges at Sections C and E do not differ significantly. The 
average difference between these two quantities and the theoretical 
prediction of bending moment is approximately 4.5%. 
Figures 8.32 - 8.37 show the change in the distribution of the 
various stress resultants- when torque is restrained at the central 
support. It can be seen from these figures that this additional 
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restraint has affected all the stress resultants to some degree. This 
is due to the interaction between individual structural actions over 
the entire length of curved members. This phenomenon can also be 
observed in the distribution öf torque along the beam for which, unlike 
the result, of the straight model, the distribution is not constant. 
The distortional effects have also been increased by this type of 
restraint. The maximum increases in distortional bimoment and 
distortional moment were approximately 18Z and 22% respectively. This 
occurred in the case of concentrated loading. In the case of 
uniformly distributed loading, the increase was approximately 14% for 
both quantities. 
SUMMARY AND CONCLUSION 
On the basis of the results presented for the curved model, it 
may be concluded that the equivalent beam method can be used to analyse 
deformable box beams curved in plan with sufficient accuracy for design 
purposes. This is particularly so in the light of the possible errors 
in the structural idealization adopted here for analysis. 
Furthermore, the results have verified that additional 
distortional forces occur in curved box beams due to the radial 
component of longitudinal bending stresses. These may be significant 
and must be considered in the distortional analysis. 
233 
-183.2 (-226.3) 
Total applied load - 518. ON 






ýý \\ // ý(-82.8) 
Total applied load - 518. ON 
Sum of reactions - 506.3N 




Total applied load - 702.3N 
Sum of reactions - 706.6N 
Difference - 0.61% 






Total applied load - 702.3N 
Sum of reactions a 732.9N 
v. ýýý ui=rcrence - 
304.7. (305.0) 
387.8 (393.5) 
Experimental (. Analytical ) Results 
KEY 





















2 s 2 
(ä) Vertical Deflection 
(b) Distortional Angle 








Figure 8.25 Comparison of the Various Deformations Along the Curved 
Model due to PL (Shear & Torsionally Restrained Supports) 
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Figure 8.26 Comparison of Direct Stresses (N/mm2) at Section C of the 
Curved Model due to PL 
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Figure 8.27 Comparison of Direct Stresses (N/nvn2) at Section C of the 
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Figure 8.28 Comparison of Direct Stresses (N/»vn2) at Section E of the 




(a) Shear Restrained Central Support 
R=2m 
(b) Shear and Torsionally Restrained Central Support 
A Analytical Results 
B »----- Best-Fit Results 
  Experimental Results 
KEYTEST`CONFIGURATION 
Figure 8.29 Comparison of Direct Stresses (N/mm2) at Section E of the 
Curved ModeZ due to UDL 
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  Experimental Results 
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Figure 8.30 Comparison of'Transverse Bending Moments per Unit Length 
(Nrrnn/nvn) at Section C of the Curved ModeZ due to PL 
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Figure 8.31 Comparison of Transverse Bending Moments per Unit Length 
(Nmm/nvn) at Section C of the Curved MödeZ due to UDL 
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Figure 8.33 Comparison of Torques and Torsional Bimoments Along the 
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Figure 8.34 Comparison of Distortional Bimoments and Distortional 
Moments Along the Curved Model due to PL 
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Figure 8.36 Comparison of Torques and Torsional Bimoments Along the 
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Figure 8.37 Comparison of Distortional Bimoments and Distortional 
Moments Along the Curved Model due to UDL 
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CHAPTER NINE 
CONCLUSION AND RECOMMENDATION FOR FUTURE WORK 
The principal objectives of the project were: (i) to develop a 
thin-walled beam method for the analysis of deformable single cell box 
girder bridges; and (ii) to study the structural behaviour of such 
bridges. In the previous Chapter, the theoretical solutions from the 
proposed equivalent beam method have been compared and discussed with 
the experimental results obtained from the two model box beams. From 
this comparison, and also from a comparison with other methods of 
analysis presented in Chapter 6, several conclusions may be drawn. 
These may be summarized as follows: 
1. A method for the elastic analysis of single-cell box girder 
bridges, with at least one axis of symmetry has been developed. This 
method is equally applicable to both straight and curved bridges. The 
main features of the method are as follows: 
(i) The method is based upon the stiffness approach with six 
degrees of freedom at each node. The previous thin-walled 
beam method (52] with four degrees of freedom has been extended 
for single cell box girders. This extension considers the 
structural effects arising from distortion of the cross- 
section, -based on the beam-on-elastic-foundation analogy. 
(ii) Two beam elements have been developed, one straight, the 
other curved, enabling all normal bridge configurations to be 
modelled accurately with a minimum number of elements. The 
method, therefore, can be considered as 'exact' in the sense 
that the longitudinal distribution of the various stress 
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resultants are continuous functions and not a series of 
discontinuous values at the nodal points. This means that the 
accuracy of the solution does not depend on the degree of 
refinement adopted in the initial idealization of the 
structure. 
(iii) The equivalent beam method is capable of analysing single- 
cell box girder bridges having complex longitudinal geometry. 
Variations in cross-section, changes in elastic properties and 
complicated systems of restraint may all be accommodated. 
Also, the response of the structure to the basic types of 
loading, such as concentrated load and uniformly distributed 
load, can all be considered. 
(iv) In comparison with the more general finite element method, 
the equivalent beam method results in economical storage and 
running time requirements. It also eases considerable 
preparation of the input data and post-processing of the 
results. The method can be programmed on a desk-top computer 
of only modest capacity. 
2. The accuracy of the method has been established with respect to 
two model box girder bridges constructed during this project. Its 
accuracy has also been confirmed in comparison with the results of 
other researchers. The equivalent beam method can also be used to 
predict the behaviour of deformable single cell box beams with 
sufficient accuracy during the conceptual design stage when a full 
three-dimensional finite element method is not justifiable. 
3. It has been shown that in straight box beams the actions of 
bending, torsion and-distortion are independent of each other. On the 
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other hand, additional distortional forces occur in curved box beams 
due to the radial component of the longitudinal bending stresses. 
Since bending, and torsion interact with each other along the entire 
length of curved beams, this results in full interaction between 
bending, torsion and distortion. 
4. Out-of-plane warping resulting from torsion and distortion is 
an important feature of box girder bridges of thin-walled cross- 
section. If these warping displacements are in any way restrained, 
systems of longitudinal stresses are set up which may modify 
significantly the state of stresses due to primary bending. It was 
found from the results obtained from the model studies that distortion 
was the main source of warping stress. Maximum distortional warping 
stresses were found to be of the order of 35% of the corresponding 
bending stresses at the same section and for the same loading; the 
maximum torsional warping stresses were approximately 11% of the 
bending stresses. 
5. Transverse distortional bending stresses are caused by 
distortion of the cross-section. Maximum transverse distortional 
bending stresses are found to be of similar magnitude to the 
longitudinal stresses generated by the same loading. As a result, 
they should not be neglected in design. Transverse distortional 
bending stresses are extremely sensitive to the value of the transverse 
cross-sectional frame stiffness. 
6. Finally, the choice of a sand/Araldite mixture for the 
modelling material has shown to be satisfactory. The major advantages 
of this material are the ease with which it can be mixed and cast into 
the required form, its long pot life and controllable curing time, the 
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stability of its elastic properties and the similarity between these 
properties and the actual values for concrete. This last feature 
ensures that models constructed directly to scale represent closely the 
behaviour of the prototype structure. The only problem was found to 
be the difficulty in constructing the models to the dimensions 
required. This is a problem associated with the small size of the 
models rather than with the modelling material. The instrumentation 
also proved to be extremely reliable; no strain gauge failures 
occurred during the entire period of testing. This high success ratio 
was important since half of the strain gauge elements were 
inaccessible. 
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Recommendation for future work 
The equivalent beam method has been shown to be a simple and 
economical approach capable of predicting accurately the behaviour of 
single cell box girder bridges having deformable cross-sections. 
However, the range of application of the analysis would be greatly 
extended by inclusion of the distortional effects in the more general 
box-type bridges, such as those with multi-cell and multi-box 
configurations. At present, the beam-on-elastic-foundation analogy is 
limited to single cell curved box girder bridges. This is possible 
for straight box girders. 
Furthermore, with the tendency to use increasingly thin-walled 
sections in concrete box girder bridges and also to extend the 
application of the theory to steel bridges, it would also be useful to 
have shear lag included in the element formulation. Even in box 
sections with the moderately thick walls considered here shear lag 
effects are apparent (e. g. Figs. 8.7 and 8.8). The effect of 
including distortion in multi-cell box girders and shear lag in the 
analysis is to add extra degrees of freedom to the beam element 
proposed here. 
This research has concentrated on the structural effects 
associated with thin-walled beams with particular attention given to 
the problem of distortion, at the serviceability limit state. The 
post-cracking behaviour of thin-walled concrete beams under eccentric 
loading must not be overlooked. The number of reported investigations 
into the ultimate load behaviour of deformable box girders is 
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APPENDIX A 
Example of Input/Output Data for Program WARPY 
Consider a straight box beam simply supported at both ends, as 
shown in Fig. A. 1. 
_ 
The span is 20 m and at midspan a concentrated 
load of 1000 kN has been placed eccentrically over one web. The 
Young's modulus is taken as 34.5 kN/mm2 and Poisson's ratio as 0.15 


















(b) Elevation of Beam 
Figure A. 1 Loading and Geometry of the Simply Supported Box Beam 
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INPUT DATA 
Do you wish to enter data on the terminal (Y/N)? Y 
Enter total number of 
(1) Members (up to 30) 
(2) Different member types 
(3) Nodes (up to 30) 
(4) Restraint (up to 60) 
(5) Load cases (up to 8 initially) 
(6) Beam sub-divisions (up to 8) at which output is required 
[0 - supports only; 1= supports and midspan; etc. ] 
Ans. 213613 
Enter Reference bearing (in radians) for each node [in numerically 
ascending order]. 
Ans. 000 
Enter the following data for each member type [in numerically ascending 
order]. 
Ans. EIX a 0.553 E 14 kNmm2 
GId a 0.489 E 14 kNmm2 
EI. = 0.274 E 20 kNmm4 
ua0.365 
EI_ a 0.349 E 20 w 
kNmm4 
Kd = 0.194 E6 kN 
p=0.5 
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Enter for each member (in numerically ascending order) 
(1) Node 1 
(2) Node 2 
(3) Angle (zero if curved member)- 
(4) Length (or radius if curved member) 
(5) Member type 
Ans. 120 10000 1 
230 10000 1 
Enter for each restraint (in any order) 
(1) Node number 
(2) Restraint type: 1= Bending moment 
2= Torsional rotation 
3= Vertical displacement 
4= Torsional warping displacement 
5- Distortional warping displacement 
6- Distortional angle 
(3) Direction 
For rotational restraints enter 1 if restraint is 







Do you wish to assign this data to a data file for future use (Y/N)? Y 
Enter filename for data storage ? example. 
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For each load case enter number of loads 
(1) Concentrated at nodes 
(2) Uniformly distributed between nodes 
Ans. 30 
For load case No. 1 enter (in system coordinates) 
(1) Node number 
(2) Load type [1 - BM, 2-T, 3 Shear, 4-T. Bimoment 
5aD. Bimoment, 6 D. moment] 
(3) Load intensity 
Ans. 23 1000 
22 2E6 
26 1E6 




NUMBER OF BEAM ELEMENTS 
NUMBER OF NODE POINTS 










MEMBE fi GEOMETRY 
----------------------------- 





RADIUS LENGTH TYPE 
STRAIGHT 10000.00 1 
STRAIGHT 10000.00 1 
MEMBER TYFE EIX GJ EIW MU EIWD DK RHO 










RESTRAINT TYPE COORDINATE SYSTEM 











CONCENTRATED LOADS (IN SYSTEM COORDINATES) 
NODE NO. LOAD TYPE 






DEFLECTIONSINSYSTEMC O- ORDINATES 
---------------------------------------------------------------------- 
NODE ROTATION Y ROTATION X DEFLECTION TOR DASH GAMMA DASH GAMMA 
1 0.00000E+00 0.00000E+00 0.40960E+07 -0.20437E-07 -0.52714E-07 0.00000E+00 
2 -0.38489E-03 0.19525E-03 0.40960E+07 -0.22143E-14 -0.55820E-14 0.5766E-03 
3 0.00000E+00 0.00.300E+00 0.40960E+07 0.20437E-07 0.52714E-07 0.00000E+00 
L0ADDISTFIBUTIONBETWEENN0DES 
--------------------------------------------------------------- 
MEMBER Z/L MOMENT TORSION SHEAR EIMOMENT DIST D. MOM 
1 0.00 0.315E+07 -0.100E+07 0.000E+00 0.000E+00 0.000E+00 0.538E+05 
1 0.25 0.315E+07 -0.100E+07 0.000E+00 -0.104E+07 0.108E+09 0.219E+05 
1 0.50 0.315E+07 -0.100E+07 0.003E+00 -0.799E+07 0.993E+08 -0.305E+05 
1 0.75 0.315E+07 -0.10OE+07 0.000E+00 -0.601E+08 -0.359E+09 -0.259E+06 
1 1.00 0.315E+07 -0.100E+07 0.000E+00 -0.452E+09 -0.130E+10 -0.500E+06 
2 0.00 0.419E+07 0.100E+07 0.128E+04 -0.452E+09 -0.130E+10 0.500E+06 
2 0.25 0.994E+06 0.100E+07 0.128E+04 -0.601E+08 -0.359E+09 0.259E+06 
2 0.50 -0.223E+07 0.100E+07 0.128E+04 -0.799E+07 0.493E+08 0.805E+05 
2 0.75 -0.541E+07 0.100E+07 0.128E+04 -0.104E+07 0.108E+09 -0.214E+05 
2 1.00 -0.861E+07 0.100E+07 0.128E+04 0.629E+05 0.131E+04 -0.538E+05 
J0INTF0RCESINL0CALCO-ORDINATES 
------------------------------------------------------------------- 
MEMBER M1 Ti V1 Bi D1 DMi 
1 0.3146E+07 -0.1000E+07 0.0000E+00 0.0000E+00 0.0000E+00 0.5384E+05 
2 0.4194E+07 0.1000E+07 0.1280E+04 -0.4522E+09 -0.1299E+10 0.5000E+06 
MF. MBER M2 T2 V2 B2 D2 DM2 
1 -0.1049E+07 0.1000E+07 0.0000E+00 0,4522E+09 0.1299E+10 0.5000E+06 
2 0.8389E+07 -0.1000E+07 -0.1280E+04 0.0000E+00 -0.2560E+03 0.5384E+05 
SYSTEMRESTRAINTF0RCES 
--------------------------------------------- 
NODE NO. TYPE OF RESTRAINT 
1 MOMENT (LOCAL COORDINATES) 
1 TORSION (LOCAL COORDINATES) 
1 DISTORTIONAL MOMENT 
3 MOMENT (LOCAL COORDINATES) 
3 TORSION (LOCAL COORDINATES) 
3 DISTORTIONAL MOMENT 
RESTRAINT FORCE 
3145728.00 
-999999.31 
53842.44 
8388608.00 
-999999.31 
53842.44 
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